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Abstract We investigate the relation between frictional heating on a fault and the resulting conductive
surface heat flow anomaly using the fault's long-term energy budget. Analysis of the surface heat flow
surrounding the fault trace leads to a constraint on the frictional power generated on the fault—the mechanism
behind the San Andreas fault (SAF) heat flow paradox. We revisit this paradox from a new perspective using
an estimate of the long-term accumulating elastic power in the region surrounding the fault, and analyze the
paradox using two parameters: the seismic efficiency and the elastic power. The results show that the constraint
on frictional power from the classic interpretation is incompatible with the accumulating elastic power and

the radiated power from earthquake catalogs. We then explore four mechanisms that can resolve this extended
paradox. First, stochastic fluctuations of surface heat flow could mask the fault-generated anomaly (we estimate
21% probability). Second, the elastic power accumulating in the region could be overestimated (=550 MW
required). Third, the seismic efficiency—ratio of radiated energy to elastic work—of the SAF could be higher
than that of the remaining faults in the region (>5.8% required). Fourth, the scaled energy—ratio of radiated
energy to seismic moment—on the SAF could be lower than on the remaining faults in the region (a factor 5
difference required). In the last three hypotheses, we analyze the interplay of the energy budget on a single fault
with the total energy budget of the region.

Plain Language Summary When earthquakes move rock against rock, friction heats the contact
surface. If this frictional resistance were like laboratory measurements of typical crustal rock, the heat would
cause a considerable heat flow signature (‘“anomaly”) at Earth's surface. For the San Andreas fault (SAF) in
Southern California, such a signature has not been observed. One solution to this paradox is that the fault

is weak. We approach the paradox from a new angle by using additionally the rate at which elastic energy
accumulates in California. This elastic power is incompatible with the radiated power from earthquake catalogs
and the maximum rate of frictional heating from the paradox if only simple assumptions are made. We call this
conflict the extended heat flow paradox. Four mechanisms could individually resolve the extended paradox:
randomness in regional heat flow measurements could conceal the anomaly, the elastic power on the SAF
could be overestimated, the seismic efficiency (ratio of radiated energy per input work) on the SAF could

be comparatively high, or the scaled energy (ratio of radiated energy per seismic moment) on the SAF could
be comparatively low. A combination of multiple effects is possible.

1. Introduction

Earthquakes and the related shaking are directly linked to the radiated energy. This energy has to be available on
the causative fault before the earthquake. Therefore, the quantification of seismic hazard can also benefit from an
understanding of the long-term energy budget of active faults (e.g., Ziebarth et al., 2020). We define the energy
budget through the rate at which energy available to cause earthquakes increases between earthquakes. Over
the long term, we expect that this increase in potential earthquake energy will be balanced by the energy that
is released in earthquakes. For each individual earthquake, the released energy is divided into three constituent
parts: radiated energy, frictional heat energy on the fault (Dahlen, 1977), and surface energy required for breaking
intact rocks (Lachenbruch & Sass, 1980). Considering the fundamental role of conservation of energy in every
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field of physics, we expect that knowledge of the seismic energy budget is important for understanding the phys-
ics of the seismic source and for seismic hazard applications.

What has been missing in previous studies of the earthquake process is an effort to estimate the rate at which
potential earthquake energy increases, that is, the input power. Recently, Ziebarth et al. (2020) proposed a method
to estimate the input power. They assume a long-term stationary seismicity, translate the energy balance of indi-
vidual earthquakes to a balance of power, and name the resulting framework the “Energy-Conserving Seismicity”
(ENCOS) framework. Their estimate of the input power combines the strain rate tensor, frequently used in seis-
micity modeling (e.g., J. G. Anderson, 1979; Bird et al., 2010; Molnar, 1979), with the stress tensor. The input
power is consistent with the rate of large earthquakes in Southern California.

While the variables in the energy budget are known, it is not easy to quantify the fraction of energy that is released
into each constituent part in large earthquakes. The radiated energy is determined best as it can be estimated using
the energy that is carried in the observed seismic waves. A key parameter is the seismic efficiency, which is the
fraction of the total released energy that goes into the radiated energy. The causative fault is not observable, so
the heat energy and surface energy must be inferred. It is generally believed that the largest earthquakes occur
on well-developed faults, so the surface energy is generally assumed to be negligible. A potential constraint on
heat generation are heat flow measurements on the surface above the fault (e.g., Brune et al., 1969; Henyey &
Wasserburg, 1971; Lachenbruch & Sass, 1980). Thus, a location where the input energy can be estimated, the rate
of the largest earthquakes is approximately known, and heat flow measurements are available provides conditions
in which the parameters of the ENCOS model can possibly be constrained. This, in turn, could help to constrain
the long-term rate of radiated energy, and thereby shaking, of large earthquakes.

For the San Andreas fault (SAF) in California, the fault's contribution to surface heat flow has been observed
to be low, resulting in the conclusion that friction on the fault is also low (Brune et al., 1969; Lachenbruch &
Sass, 1980). This conclusion runs into difficulty when the typical friction (4 > 0.6) between rocks is consid-
ered (Byerlee, 1978; Scholz, 2006). This inconsistency is termed the “heat [flow] paradox™ (Lachenbruch &
Sass, 1988; Lambert et al., 2021). Given the input power based on the ENCOS framework and an estimate of
the rate of earthquakes, the seismic efficiency and frictional power must trade off. A close look at the heat flow
paradox becomes justified in this context.

In this paper, we define a two-dimensional parameter space using the input power and the seismic efficiency.
We then use the rates of earthquakes and the observed heat flow to rigorously determine the allowed ranges of
these parameters. This expands the space in which the heat flow paradox is analyzed. Through this, we impose
a new constraint on the overall earthquake energy budget. We test our new approach at the SAF where the heat
flow paradox has been examined in detail and additional input data sets are available. Furthermore, our approach
improves our understanding of the regional deformation and seismic energy partitioning, and provides an avenue
to employ energy to constrain seismic hazard estimates.

2. Theory
2.1. Workflow Synopsis

To connect the classical heat flow paradox with the long-term seismic energy budget we follow three conceptual
steps as illustrated in Figure 1. These three steps are described in the following and formally derived in the theory
Section 2.3.

1. The interseismic tectonic strain accumulates energy at a constant rate E which is released (averaged over many
earthquakes) mostly as radiated power P, and frictional dissipation P, on a fault. At long time scales, the aver-
aged P, produces a conductive heat flow anomaly on Earth's surface above the fault following Lachenbruch
and Sass (1980) (panel 1).

2. The heat flow anomaly is a function of frictional power P,,. If P,, were chosen to be too large, the anomaly
would conflict with the heat flow measurements by evidently diverging from the spatial pattern of heat flow.
Thus, this constrains the assumptions on P, (panel 2).

3. The frictional dissipation power Py, can be contoured as a function of E and long-term average seismic effi-
ciency 7. Through the constraint on P, from the heat flow data, we can constrain the parameter space of 7
and E. If the elastic power is too large and the seismic efficiency is too low, the resulting dissipation P, would
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Figure 1. The workflow described in Section 2.1. (1) Interseismic tectonic strain accumulates energy at a rate E which is released, averaged over many earthquakes,
mostly as radiated power P, and frictional dissipation P,, on a fault. At long time scales, the averaged dissipation P, produces a conductive heat flow anomaly on Earth's
surface above the fault (pointed graph, here shown for a vertical strike-slip fault following Lachenbruch and Sass (1980)). (2) The heat flow anomaly is a function of
frictional power P,.. We aim to answer how strong the anomaly can be before it conflicts with heat flow measurements. Vice versa, the heat flow constrains P,. (3) P,
is a function of E and average seismic efficiency 7 as higher E or smaller efficiency lead to more heat released on the fault. Thus, through the constraint on P,, from

the heat flow data we can constrain the parameter space of the long-term average seismic efficiency # and elastic loading power E. A part of that parameter space is
excluded. The radiated power P, can also be evaluated from E and 7, which—at constant P,—leads to a downward curve similar to the thick red one. Thus limits from
the heat flow paradox on P, (steps 1 and 2) constrain the seismic efficiency and prohibit arbitrary combinations of E and P, that could be accommodated by a freely
varying efficiency. (*) At constant slip rate, low or high elastic power corresponds to an interseismically weak or strong fault that allows higher differential stress to be

sustained.

cause a large heat flow anomaly that would be in conflict with the heat flow data. This leads to an excluded
region in E-fj-space. The boundary of the excluded region is orthogonal to the constraints obtained from an
estimate of the radiated power which leads to the downward curve in panel 3. The radiated power and the heat
flow hence contain complementary information.

Furthermore, we make the following two model assumptions. First, we do not consider the impact of fluid flow in
the heat transport modeling. For the SAF that we use as an example in chapter 3, there is evidence that fluid flow
might not play a significant role in heat transport from the fault (Fulton et al., 2004; Lachenbruch & Sass, 1992;
Saffer et al., 2003) although specific modes of transport may be possible (Scholz, 2006). A more thorough anal-
ysis or a transfer of the workflow to other faults might consider the impact of fluid flow within credible bounds.
This impact is controlled mostly by the knowledge of permeability (Fulton et al., 2004), which in turn might be
quite uncertain. Similar considerations hold for inhomogeneous thermal conductivity although the effect might
generally be less pronounced.

We further assume that the contribution of surface energy required to form the damage zone is negligible
when compared against the long-term power budget. For the SAF there are indications that this is a reasonable
first-order approximation. Lachenbruch and Sass (1980), for instance, estimate that with a damage zone width
of up to 1 km and a total slip of more than 100 km on the SAF the contribution to the energy budget would be
negligible to first order.

Another potential energy sink we discard is chemical energy sunk in endothermic reactions that might occur
during metamorphism in rocks in the fault damage zone due to the coseismic pressure-temperature conditions
(Hamada et al., 2009; Lachenbruch & Sass, 1980). Such a chemical energy sink absorbs some frictional heat
directly on the fault surface, reducing the amount of heat that would be transported to generate a surface heat
flow anomaly. If the chemical energy sink were significant, this could resolve the heat flow paradox—and would
make itself known through the endothermically generated minerals in the fault rock. Although these sinks have
been theorized to be significant in favorable mineral composition of the fault rock (Hamada et al., 2009), known
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estimates of the chemical energy for the 1999 Chi-Chi earthquake (0.79% of E,;; Hamada et al., 2009) and typical
expectation (e.g., Lachenbruch & Sass, 1980; Yang et al., 2020) place the endothermic chemical energy contri-
bution to the fault energy budget at an insignificant level compared to the frictional energy. We hence discard the
chemical energy and leave a quantitative estimate for the SAF up for future work.

Following the workflow explained above and the model assumptions we develop in the following three sections
the formal framework for our approach.

2.2. Earthquake Energy Budget

When a fault slips, the total amount of strain energy released, AE, is converted into multiple other forms of
energy (which one might call the energy sinks). A common way to write this conversion is to partition AE among
fracture energy, E, heat dissipation on the fault, E% , and energy radiated away from the fault, E, (Dahlen, 1977,
Husseini, 1977; Orowan, 1949):

AE = E, + Ej, + Eg. 1)

From the four energies of Equation 1, the radiated energy E, travels off to structurally relevant sites and ultimately
determines the seismic hazard. The other two energy sinks, E}, and E, are products of the physics of fault slip
and prerequisites for estimating how much strain energy gets converted into radiated energy. We aim to shed light
on these energy sinks by use of the San Andreas heat flow paradox.

To connect the energy partitioning with the heat flow paradox, we need to identify in the right hand side of Equa-
tion 2 all energy that eventually becomes heat on or in immediate vicinity of the fault (for brevity we will write
“on” henceforth). This energy ultimately drives the surface heat flow anomaly. Although Equation 2 contains the
heat term E,,, it is not a directly suitable partitioning for a connection with the heat flow paradox. The reason is
that the fracture energy is conventionally defined through dynamic models of rupture (e.g., Cocco et al., 2023;
Nielsen et al., 2016), where it describes energy converted in the slip weakening process as opposed to frictional
resistance during stable sliding. However, ultimately most of this fracture energy will share the same fate as E,;:
heat on the fault (Lachenbruch & Sass, 1980).

Therefore, we use a different energy partitioning, based on microscopic energy types, that is better suited for the
heat flow problem:

AE=E.+FEy+Es+ Ec
N—— 2

=0
Here E,, is all energy that ends up as heat transmitted from the fault, E is the surface energy required to create
new fracture (e.g., Lachenbruch & Sass, 1980; Nielsen et al., 2016), and E_. is heat consumed in endothermic
metamorphic processes (“chemical energy” which we immediately discard as outlined in Section 2.1). With
respect to Equation 1, the fracture energy Ej; is split into surface energy and heat (E; = E; + E,,;) and the total

heat is composed of E}, and the split-off part of the fracture energy (E n=E; +E HG)-

The significance of the surface energy E within the overall energy budget of earthquakes on a fault can vary on a
fault-to-fault basis, and is presumably related to the structural maturity of the fault (a measure of the slip history;
Guo et al., 2023). For instance, on one end of the maturity scale Zang et al. (2000) find a surface energy of 29%
the total work for the creation of a new fracture in granite samples, which is significant compared to both radiated
energy and heat (1.5% and 69% of AE, respectively). For a single earthquake, Pittarello et al. (2008) estimate
that the surface energy is less than 3% of the heat, that is, insignificant compared to E,, but potentially similar to
the radiated energy for efficiencies in the order of a few percent (within the range estimated for some events by
McGarr, 1999). On the mature side of the scale, Lachenbruch and Sass (1980) estimate surface energy on the SAF
within a range that is insignificant compared to both radiated and heat energy (see SI1.4 in the supplementary
material). Hence, on our path forward we will assume Eg = 0 on mature faults and consequently Es = Ps = 0.
On immature faults, we will leave the possible contribution of Eg open.

With the ENCOS framework, Ziebarth et al. (2020) show how on long time scales, iterating over many earth-
quakes, the cumulative energy AE may be computed to constrain the budget of radiated energy. In their balance
of power, AE is replaced by the elastic power E, which is both the average AE per time over many earthquakes
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and the elastic power with which AE accumulates in the interseismically deformed crust. For instance in the block
model shown in Figure 1, E is transferred from the moving plates as shear stress on the fault acts against the
movement. Averaging the remaining contributions of the energy balance over time and introducing the average
seismic efficiency 7, the stationary power balance reads

__E _P X
n= AE E’ 3
. Ps + Py : non-mature fault
(I -mE= 4)
Py : mature fault.

The balance of power connects the energy budget of many earthquakes with the analysis of surface heat flow
through the average frictional power P,. On the fault surface, this average power is an oversimplification since
it averages large coseismic powers acting on short timescales over long and quiet interseismic times. However,
to describe surface heat flow the average power will be useful due to the long characteristic time scale of heat
transfer.

In the following sections, we often shorten “average seismic efficiency” to “seismic efficiency” for brevity and
use the bar (7) to distinguish the average seismic efficiency from the single-event seismic efficiency (7).

2.3. Introduction to the Heat Flow Problem

We will now consider the issues related to the fate of the heat generated on the mature fault in more detail. The
frictional heat E,, of a single earthquake will be dissipated with high density on and in the immediate vicinity
of the fault plane. For instance, in case of the 1999 Chi-Chi earthquake, a significant temperature increase was
localized within 30 m of the fault plane 5 years after the event (Kano et al., 2006). For a conductive process, the
cumulative heat flow from ruptures on the fault over hundreds of thousands to millions of years can be significant
enough to become an additive factor that is superimposed on the background of heat flow from other sources. The
challenge is to constrain the strength of this anomaly in the presence of seemingly random fluctuations, noise, in
the background heat flow. Our path forward will be to express the expected surface heat flow anomaly in terms of
the fault energy budget, and employ a Bayesian method to infer the strength of this anomaly under consideration
of the fluctuations and their uncertainties. This section is tailored to the subsequent application to the SAF which
will motivate assumptions for mature faults in general (P, = 0) and the SAF in particular.

After being generated on the fault surface, three main modes of heat transfer are available to transport the heat in
a brittle crust: conductive heat transfer, and advection either through pore fluids (Hewitt, 2020; Lachenbruch &
Sass, 1980) or moving rock mass (Molnar & England, 1990). Pore water-based advection is attributed to either
external ground water flow or convection (Gupta, 2011). Following Saffer et al. (2003) and Fulton et al. (2004),
we discard fluid-based advection for our application to the San Andreas fault. Advection through rock mass
occurs in seismic or aseismic fault movement. For the analysis of fault-generated heat flow, advection through
rock mass is particularly relevant in normal and thrust faulting but not in case of strike-slip faulting, where the
rock movement is orthogonal to the anomaly (see the geometry sketch in Figure 1). We thus discard rock mass
advection as well.

In our purely conductive setting, the heat transport in a temperature field 7 is governed by the heat equation

% = V(kVT) = k V7T, )

where the second equality is limited to the case of a homogeneous thermal diffusivity «.

This equation leads to a characteristic time scale Lk (see e.g., Crank, 1975), the time at which the diffusion front
has traveled a distance L. For crystalline rock with diffusivity in the order of k &% 1 mm?/s (Drury, 1987) and a
length scale L = 1 km, the characteristic time scale is about 30 ka, large enough to cover a few return periods
of large earthquakes on active faults. With most of the heat generated several kilometers below the surface, heat
flow observations average over many return periods. This allows us to describe heat production on the fault by a
constant power P,,.
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The heat transport Equation 5 and P, are connected by integrating the time-averaged heat flow 4, a boundary
condition of Equation 5, over the two sides of the fault surface:

S+

Lachenbruch and Sass (1980) give an analytical solution for a fault-generated lateral heat flow anomaly in case
of a vertical fault from depth d to the surface in a homogeneous medium and heat generation linearly increasing
with depth up to a maximum Q*:

qa(x) = Q—(l - iarctang) for t— oo. @)
n d X

This shape of surface heat flow is shown in the sketch Figure 1. The model leads to a heat production Od = Q*d /2

per unit length of the fault. We can balance this with the total frictional power P, on a fault segment of length L

within a region to relate this anomaly to the (E , ﬁ) space of the ENCOS long-term seismicity description:
Py _ (1-DE

1 ., A _ Py _
50d=0d="=

7 7 ®

The last step uses Equation 4 for a mature fault.

Similar to Lachenbruch and Sass, we will apply this model of a fault-generated heat flow anomaly to the SAF in
Section 3 and compare the heat flow anomaly to actual heat flow measurements to infer how strong the anomaly
can be, but we also introduce the following new ideas:

1. We analyze the strength in terms of the ENCOS parameters # and E instead of the unknown shear stresses
on the fault. Through the frictional power P, connected in Equation 8, a limited anomaly strength Q* will
constrain the parameter space of 7j and E. The constraint, whose shape is shown in step 3 of Figure 1, excludes
high-power low-efficiency regions from the plausible parameter combinations (the exclusion zones).

2. The long-term radiated power P, leads to a hyperbolic trade-off between E and 7 by virtue of Equation 3. An
example of how a precisely known P, can be realized in ( E, ﬁ) space is indicated by the thick downward-trending
line in step 3 of Figure 1.

3. We use the model of Ziebarth and von Specht (2023) to estimate to which precision the background heat flow
can be assessed and thus estimate the uncertainties in defining the exclusion zones. In other words, exclusion
zones can be seen as parts of the parameter space of 77 and E that are unlikely.

Commonly, the relation of frictional heat to heat flow anomaly is discussed in terms of shear stress or friction
coefficient instead of 7 and E. Average frictional shear stress 7,can be used (e.g., in Lachenbruch & Sass, 1980)
to compute P, = 7Av if the long-term slip rate v of the fault is known. P, is expressed here through the work
E, = tAs applied on the fault surface area A over a time Az. Dividing the slip s by the large time Az leads to the
long-term slip rate v and transforms E,, to P,,.. Hence, the use of the frictional power P, as a description of the
heat flow anomaly combines the information from frictional shear stress and long-term fault slip rate into a single
variable.

2.4. Quantifying Heat Flow Anomalies

The constraint on P,, through the use of heat flow data requires a decision to be made about whether or not a
fault-generated heat flow anomaly is in conflict with the available heat flow measurement data. Previous stud-
ies have used a visual comparison of the distinctive fault-lateral graph of the anomaly with the scattered heat
flow measurements (e.g., Brune et al., 1969; Fulton et al., 2004; Henyey & Wasserburg, 1971; Lachenbruch
& Sass, 1980) as illustrated in Figure 1. This approach has proven very fruitful for the discussion of the heat
flow paradox but it has two shortcomings that become important when the decision is used as a basis for further
analysis.

First, the visual comparison is foremost a binary classification and subjective expert judgment. Declaring an
anomaly of a certain magnitude to be incompatible with the heat flow data directly translates to an upper limit
on P,. If this limit were to be useful, it would have a significant impact on the power balance Equations 3

ZIEBARTH ET AL.
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Figure 2. Sketch of the Bayesian analysis of the fault-generated heat flow anomaly strength by Ziebarth and von

Specht (2023) using synthetic data. Left: The analysis starts out with heat flow measurements (black dots) in spatial relation
to a known strike-slip fault. The heat flow measurements within the investigated region fluctuate as described by Ziebarth and
von Specht (2023), and they are distributed according to a probability distribution p(g). These undisturbed fluctuations (gray
triangles) are superposed by the fault-generated conductive heat flow anomaly (black line) to yield the measurements. Both
the undisturbed data and the anomaly's strength are unknown to the researcher but the anomaly can be modeled as a function
of average frictional power P,,. Right: the approach by Ziebarth and von Specht (2023) investigates the continuum of P,
Each P, corresponds to a heat flow anomaly of different amplitude, which leads to different corrected data (triangles, left).
The likelihood of the corrected data is evaluated against our proposed model of p(g), a gamma distribution, which leads to the
posterior of frictional power (thick red line). In case of this synthetic data drawn from a gamma distribution in heat flow and a
uniform distribution in distance from the fault, the actual anomaly strength (vertical gray line) is well assessed.

and 4. Then, however, the significant impact on the power balance would be tightly controlled by the expert's
decision of the incompatible anomaly magnitude, which hence has to be an unanimous conclusion. To take into
account more gradual information, such as considering an anomaly to be unlikely but possible, is complex to
formalize to a quantitative scale and might require the judgment of multiple experts (see e.g., Christophersen &
Gerstenberger, 2021).

Second, heat flow measurements are inherently noisy on the spatial scale of fault-generated heat flow anomalies
(tens of kilometers). This can both be expected from the distribution of radiogenic elements within the crust,
which can vary from tens-of-meters to kilometers scale (Jaupart & Mareschal, 2003), and seen from the distri-
bution of heat flow measurements on a global scale, which has a residual variation of about 10-20 mW m~2
at a local length scale of 50 km (Goutorbe et al., 2011). This variability causes an inherent uncertainty in the
interpretation of the heat flow data and creates a limit for the magnitude of the anomaly that can be excluded: if
the anomaly has a smaller magnitude than the fluctuation, it becomes impossible to distinguish it from the noise.
This effect might be quite large for the assessment of heat flow anomalies perpendicularly to faults since the
number of heat flow data points within the bulk of the anomaly is generally small (often <5-15 in the analysis by
Lachenbruch and Sass (1980)). In a visual comparison, the effect of the fluctuations might be quite hard to assess
and the quantitative effect of subjective judgment might be enhanced.

For these two reasons, we use the method recently introduced by Ziebarth and von Specht (2023) which we
illustrate in Figure 2. The method is based on a reference model, informed by the global heat flow data set of
Lucazeau (2019), for the distribution of regional aggregate heat flow, that is, the distribution p(g) of heat flow
measurements g; within a region without considering the spatial distribution. The model, named “REHEAT-
FUNQ” abstracts all kinds of spatial fluctuations of heat flow that can be expected when measuring within in a
region of up to 260 km radius. A conductive heat flow anomaly qa()'c') can then be identified by comparing the
likelihood of the regional heat flow data with that of the data corrected by g, (?c) In the Bayesian formulation of
Ziebarth and von Specht (2023), this is done via the posterior distribution

FP) = % / da / 4B p(q — u(P): . P)(a, B)
F 0 0 (9)

4a(Pr) = Puci
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of the frictional power P, released on the fault. Here, a and /3 are the parameters of the regional distribution p(q)
and ¢(a, p) is their prior distribution. We choose the prior parameterization of Ziebarth and von Specht (2023).
Finally, c; quantifies the impact of the fault-generated heat flow anomaly onto data point g; for a unit frictional
power P, = 1. In this article, we compute it by dividing the anomaly Equation 7 at data point x; by the frictional
power P,

This method uses the two sources of information available without exact knowledge of the origin of each
measurement g;: the general shape of the regional distribution and the regional data themselves. The Bayes-
ian approach provides a consistent and inter-operable quantification of the uncertainty to which P, can be
inferred. Further information about the origin of the heat flow, for instance from topography or from thermal
properties of the crust (Cacace et al., 2013; Fulton et al., 2004), could be included by correcting individual
data points.

3. Extending the San Andreas Heat Flow Paradox

With the heat flow paradox connected to the dimensions of long-term elastic power and average seismic effi-
ciency, we now return to the setting that saw the formulation of the original heat flow paradox.

3.1. Study Area & Data

The SAF is a right-lateral continental strike-slip fault, separating the North American plate from the Pacific plate
(D. L. Anderson, 1971). Brune et al. (1969) have initiated the discussion about the lack of a heat flow anomaly,
and its frictional strength has since been a subject of extensive discussion (e.g., Lachenbruch & Sass, 1980;
Scholz, 2006). To model its steady-state heat flow, we hence use the anomaly model Equation 7 following
Lachenbruch and Sass (1980). This model choice implies a purely conductive heat transport, which has been
supported by the later analysis of Fulton et al. (2004).

We use the SAF geometry from the Uniform California Earthquake Rupture Forecast, version 3 (UCERF3, e.g.,
Field et al., 2014) fault model 3.2 (Milner, 2014) to locate the data relative to the fault. Figure 3 shows a divi-
sion of the fault trace from San Bernadino to Point Arena into four regions (a) to (d) that relate to the Mojave,
Carrizo, Creeping, and North coast sections of the SAF. This division has also been applied by Ziebarth and von
Specht (2023), who found the tightest constraints on the fault-generated heat flow anomaly in the Mojave section.
Similarly, Lachenbruch and Sass (1980) found the tightest constraints on the anomaly strength in their region
covering the Mojave section, which is roughly contained within region (a) (see Figure 3). Therefore, the focus of
our analysis of the SAF-generated heat flow anomaly will be on region (a).

Figure 3 also shows the ROI of Ziebarth et al. (2020), a rectangular region aligned with the SAF and span-
ning roughly from the Gulf of California to Parkfield. This region is of interest for our study since Ziebarth
et al. (2020) have estimated the contemporary rate at which elastic energy accumulates within the crust. In this
work, we expand this region ~10% to the northwest so as to include the epicenter of the 1857 Fort Tejon earth-
quake, the largest historically recorded earthquake associated with the area. This extended region will be the
region representing the “surrounding volume” in our study, comprising of a block representing the crust and,
embedded in it, a particular fault for which we can derive energy budget constraints from the heat flow analysis.
We will not consider in detail the other faults of the area although many are known in this case.

We use four data sets to derive the extended paradox. First, we use the New Global Heat Flow data set by
Lucazeau (2019). Since we use it in combination with the model of Ziebarth and von Specht (2023), we perform
the same data filtering: we discard data points of the lowest quality rankings C to F, those earlier than 1990,
and negative heat flow values. A side effect is that the data we employ is independent of the data used in the
original investigations of the heat flow paradox. Moreover, we remove data points which are not marked as
continental crust (key A to H) in field “codel” and those which are categorized as possibly geothermal following
Lucazeau (2019) (g, > 250 mW m~2). The remaining data set is shown in Figure 3 (stars).

Furthermore, we use two earthquake catalogs to investigate the radiated energy. We use the historical cata-
log by Felzer and Cao (2008) for the years 1769-1980, and the catalog by Cheng et al. (2023b) for the years
1981-2021. Figure 4a maps the combined catalog. Finally, we use the UCERF3 model (Milner, 2014) as an
alternative means to investigate the radiated energy.

ZIEBARTH ET AL.
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Figure 3. Map of the heat flow data and the different regions of interest (ROI). Dots show the unfiltered data of the NGHF
data base within the mapped area (Lucazeau, 2019). Stars show the heat flow data that is used in the analysis by Ziebarth and
von Specht (2023) in their region (a) which we use in Section 4.2.1. This data selection has been quality-filtered by criteria
due to Lucazeau (2019); Ziebarth and von Specht (2023). The ROI used in this study is derived from the ROI of Ziebarth

et al. (2020) by extending it 10% to the north west. The blue San Andreas fault trace stems from the UCERF3 fault model 3.2
(Milner, 2014). The regions of Lachenbruch and Sass (1980) are approximated based on their Figure 8. Shorelines are from
the OpenStreetMap database available under the Open Database License.

3.2. The Extended Paradox

We start the analysis by deriving an extended paradox based on a number of observations and model assumptions
for the energetics of the San Andreas fault and the surrounding volume. One component of the analysis is the
observed seismicity. Using Gutenberg's historical relationship of magnitude and energy,

E(MW) = 10|.5MW+11,8 erg = lol.SMW+4.8 J, (10)

we can compute an average radiated power of an earthquake catalog over its observation period. For the joint
catalog (Cheng et al., 2021; Felzer & Cao, 2008), we find

P, = 1TMW (1)

inside our ROI shown in Figure 4 within the observation period from 1769 to 2021. Using this catalog, we can
also estimate the fraction of radiated energy that stems from the SAF. Two of the four largest earthquakes in the
catalog, the 1857 M7.9 Fort Tejon earthquake and the 1812 M7.5 Wrightwood earthquake, are associated to the
SAF and together accumulate 41% of the cumulative radiated energy of the catalog. Therefore, at least 41% of
the radiated energy within the catalog stems from the SAF. We assume that this is representative for the radiated
power and make the further assumption that 41% of the elastic power within our ROI is released on the SAF.

We use this ratio in two new variables, £ and f. Of those, £ denotes the fraction of radiated power within the ROI
that stems from the SAF, and f denotes the fraction of elastic power within the ROI that is released on the SAF:

PrSAF

&= P 12)
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Figure 4. Earthquake catalog and its energies. Panel (a): map of the earthquake catalog. The catalog is a joint catalog comprising the earthquakes of Felzer and

Cao (2008) from 1769 to 1980, and the earthquakes of magnitude My, > 4.5 of Cheng et al. (2021) from 1981 to 2021. The seven largest earhquakes of the joint catalog
are displayed as stars and the remaining 1186 events are plotted anonymously as gray dots. The San Andreas fault trace from the UCERF3 fault model 3.2 is plotted as
a thick blue line (Milner, 2014). Two of the seven largest earthquakes, the ones associated to the SAF, are annotated. The rectangular ROI used by Ziebarth et al. (2020)
is indicated as a dashed black line and its extension by 10% to the north-west is shown in solid black line. Panel (b): cumulative radiated energy distribution in the joint
catalog as a function of earthquake magnitude. Earthquake energy is computed from magnitude using Equation 10. Again, the seven largest earthquakes are marked

as stars with colors matching panel (a). The bar plot on the right boundary of the panel shows the cumulative energy distribution reordered so that the two annotated
earthquakes of panel (a) are located at the top. Those two earthquakes associated to the SAF account for 50% of the cumulative radiated energy. Shorelines are from the
OpenStreetMap database available under the Open Database License.

_ ESAF
f= 7 13)
E=f=41%. (14)

With our introductory assumption that the incoming elastic power transforms into radiated and frictional power
only, Equation 4, the equality of £ and f implies that the average seismic efficiency on the SAF is the same as
average over the whole ROI. This leads to the following expressions for the radiated and frictional power on the
SAF expressed in terms of average seismic efficiency and elastic power of the ROI:

P = fRE, 15)
P = f(1-QE. 16)

The elastic power that Ziebarth et al. (2020) find for their ROI is 800 MW as a central estimate. We extrapolate
this power to 880 MW to account for the 10% increase of the ROI to the northwest. This collects nearly all
components of our formulation of the extended paradox. Only the seismic efficiency 7 is left undefined after the
preceding arguments. Here, the analysis of the fault-generated heat flow anomaly is decisive.

Lachenbruch and Sass (1980) argue that the upper bound to the heat flow anomaly generated by the San Andreas
fault is 4.2-8.4 mW m~2 which they estimate to be caused by heat generation Qd on the fault of no more than
92 to 184 kW km~'. We take the upper limit of this range, Od = 184 kW km~'. By Equation 8, this leads to the
following constraint:

P <Lx(0d), =Lx184kWkm™. (17)

Substituting the length of the SAF within the ROIL, 625 km (see the marked fault trace in Figure 4), the upper limit
on the frictional power on the investigated section of the SAF is hence
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Figure 5. The extended paradox. The region of interest (ROI) is shown in Figure 3. The constraint for the radiated power in
the ROI, P, = 7E is shown for P, = 17 MW computed from the earthquake catalogs, Equation 11 and Figure 4. The constraint
on the input power E is shown for E = 880 MW extrapolated from the result of Ziebarth et al. (2020). The lower bound on

7 follows from the heat flow constraint on the SAF by Lachenbruch and Sass (1980), Equation 20. The constraints on P, and
E meet in the area prohibited by the lower bound on 7 from the heat flow data (the two constraints are dashed within the
exclusion zone).

PSAF < P = 115 MW. (18)

Through Equation 16, we now obtain the following constraint in the space of seismic efficiency # and elastic
power E of the ROI

fA—MNE =P < o= (19)

that can be expressed as a lower bound on 7:

Pll'-l‘l‘lilx
7 > max l—fE,O . 20)

The formulation of our extended paradox is now complete and Figure 5 illustrates it in the parameter space of
seismic efficiency 7 and elastic power E of the ROL The vertical red line shows the best estimate E = 880 MW.
The blue line shows the isoline P, = 17 MW (Equation 11). The system should be parameterized by the parameter
combination at the intersection of both lines, the black circle. Alas, this circle lies in the gray area in which the
inequality Equation 20 is violated.

Clearly, one of the estimates based on our assumptions is incorrect. In the following sections, we explore four
hypotheses that can reconcile the three constraints.

4. Discussion
4.1. Insufficient Effects
4.1.1. Seismic Moment Rate On and Off SAF

A first potential resolution to the extended paradox is the fraction & of radiated power within the ROI that is radi-
ated on the SAF. In the derivation of the extended paradox, we have derived £ from a joint earthquake catalog of
the last 150-250 years. This catalog is not large enough to cover multiple return periods of the largest earthquakes
in the region, and Figure 4b illustrates strikingly how just a few large earthquakes dominate the cumulative energy
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of the catalog. The obtained & might hence be particularly susceptible to non-uniform return periods and our
observation window.

As an alternate model for &, we have employed the UCERF3 model (Field et al., 2014; Milner, 2014). The
UCERF3 model integrates a number of other data sources besides earthquake catalogs, such as paleoseismic
observations of earthquake recurrence rates, fault slip rates, and geodetic deformation rates. The combination
of these data sources in a joint inversion allows the model to estimate long-term seismicity rates on the faults.

The time-independent UCERF3 contains a set of rupture scenarios with associated moment magnitude and recur-
rence rate. The magnitudes can be converted to radiated energy using Equation 10 and then to radiated power by
multiplying with the rupture's recurrence rate. Each rupture scenario is furthermore defined by the fault segments
of the fault model that take part in it. Therefore, we can compute the model's radiated power from a fault by
distributing all ruptures to the partaking fault segments and, for each segment, summing all contributions from
different ruptures. In Text S1.2 in Supporting Information S1, we detail how we distribute the rupture powers and
handle the logic tree.

When comparing the power radiated from the SAF trace in our ROI (Figure 4) with the remaining energy radi-
ated from the ROI, we obtain a range of ¢ from 22% to 43% with a median of 33%. Neither the median nor the
minimum are small enough to shift the exclusion zone of Figure 5 to the intersection of the other two constraints
(see also Figure S3 in Supporting Information S1). A value of £ in the order of 10% would be required to resolve
the extended paradox.

4.1.2. Radiated Power From Catalog

The same strong dependence on the 1857 Fort Tejon earthquake that affects £ is also found in the computation
of the radiated power P,. As in the previous section, we have used UCERF3 as an alternate model of the long-
term radiated power P,. The computation, which is detailed in SI1.2 yields a radiated power 4-11 MW on the
SAF in our ROI with a median P, =7 MW. Since this is lower than the radiated power derived from the catalogs
(P,.= 17 MW), the P, constraint curve in Figure 5 is shifted even further down and the extended paradox remains
unresolved.

4.1.3. Scaled Energy

The scaled energy e, = E /M (e.g., Kanamori et al., 2020) affects, either directly or by being implied, all calcula-
tions in which energy is computed from seismic moment. In our case, this affects all estimates of radiated power
P,. Since the scaled energy is a linear factor, all estimates of the radiated power are linearly affected by uncer-
tainty in e,. Indeed, estimates of the scaled energy vary by orders of magnitude (Kanamori et al., 2020) so that
this parameter is another candidate for the resolution of the extended paradox.

To resolve the extended paradox, the scaled energy has to be larger than the value we have used to compute
Figure 5 so that the P, curve is shifted upwards and intercepts the exclusion zone at an elastic power E >
880 MW. In our calculations, we have used conversion formulas based on the work of Kanamori (1977) which
imply e, =5 x 107>. Kanamori et al. (2020) list literature values of e, up to 8 X 10~ and derive, for their analyzed
data set, values less than 107, In our supplementary material SI1.1, we perform a statistical analysis of the scaled
energy derived from the IRIS EQEnergy data product (M, and E, estimates; IRIS DMC, 2013; Hutko et al., 2017)
and from a number of studies (Baltay et al., 2014) and find that, where the result is not dominated by the prior
choice, the scaled energy is less than 2 X 10~* with 99% probability.

The result of these limits in scaled energy, both e, = 2 X 10~* or the rare event with e, = 8 x 1074, is that the
extended paradox is not resolved. The P, line intercepts the exclusion zone at 345 and 550 MW, respectively, and
at seismic efficiencies of 20% and 50% (Figure S2b in Supporting Information S1). One of the other mechanisms
to resolve the extended paradox would have to apply. If however a larger scaled energy is part of the extended
paradoxes resolution, this implies that the efficiency of the SAF might be quite large.

4.2. Resolving the Extended Paradox
4.2.1. Hypothesis 1: Stochastic Fluctuations

The first resolution to the extended paradox we investigate is if a larger fault-generated heat flow anomaly might
be allowed within the scatter of the heat flow data. If so, the heat flow constraint in Figure 5 shifts to the right, in
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Figure 6. Resolving the extended paradox by considering heat flow fluctuations to be of stochastic origin. Panel (a) shows different solutions for the permissible heat
flow anomaly strength on the selected parts of the SAF, expressed in frictional power per fault length. The dashed vertical line shows the upper bound that Lachenbruch
and Sass (1980) assess, 0.2 x 0.92 MW km. The thick indigo line shows the posterior tail distribution that Ziebarth and von Specht (2023) derive for region (a) of
Figure 3 using the REHEATFUNQ model. This curve denotes the posterior probability that the frictional power per fault length exceeds a given P,/L under the
assumption that heat flow fluctuations within the region are of stochastic origin. Multiple vertical lines indicate tail quantiles (TQ), that is, levels of the tail distribution.
In particular, the circle of panel (b), that is, the point of the parameter space that conforms to the best estimate E of Ziebarth et al. (2020) and to P, derived from the
catalogs, corresponds to the thick vertical red line at 20.6% TQ. If we replace the upper bound on the anomaly strength from Lachenbruch and Sass (1980) by the 10%
tail quantile of the statistical analysis, the constraint from P, and E is within the upper bound. Panel (b) shows how the exclusion zone of Figure 5 transforms if we
perform this step. The extended paradox is resolved. The ROI (“San Andreas region”) is shown in Figure 3.

the direction to resolve the extended paradox. We use the method by Ziebarth and von Specht (2023) introduced
in Section 2.4. Ziebarth and von Specht (2023) found that the most significant constraint of a SAF-generated heat
flow anomaly can be derived for the Mojave section, region (a) in Figure 3. They used the heat flow anomaly
(A23Db) of Lachenbruch and Sass (1980), so their results are directly applicable to our question.

The heat flow anomaly quantification in the Mojave section results in the curve in Figure 6a, on which the
horizontal axis is the frictional power per unit length of the fault, and the vertical axis is the probability that this
frictional power, or larger, is consistent with the observed heat flow data.

Notably, the upper bound by Lachenbruch and Sass (1980) is below the median posterior frictional power. There
is a considerable probability—about 70% taken at face value—that the anomaly could be of larger magnitude
than their upper bound. Ziebarth and von Specht (2023) note that the central quantiles of the frictional power may
be affected by deviations from their model assumptions, whose existence is unresolved. A central point estimate
of the anomaly strength, for instance based on the median, may therefore not be reliable. The smaller posterior
exceedance probabilities, on the other hand, are found to be resilient upper bounds on P, even if heat flow does
not follow their assumptions completely. Consequently, one might wish to choose, for instance, the 10% tail
quantile as an upper bound of the anomaly strength and hence the frictional power. Figure 6b shows the heat flow
constraint for the anomaly whose frictional power P, is exceeded with 10% probability. Figure 7 illustrates heat
flow anomalies corresponding to different frictional powers and probabilities next to the heat flow data.

Using the stochastic approach, the point of the (E, ﬁ)-space that conforms to the elastic power constraint in
Figure 5 has a 20.6% chance of being consistent with the heat flow data, where consistency means that a similar or
larger heat flow anomaly were precluded by the scatter in the data. The extended paradox is resolved (Figure 6b)
at about that probability.

The stochastic approach by Ziebarth and von Specht (2023) is a conservative way to interpret the heat flow
data—considering each individual data point as a possible stochastic fluctuation and giving credence only to sets
of measurements—and their modeling does not utilize all available information to disentangle the heat flow data.
Further quality inspection of the individual heat flow data and corrections of physical effects, such as topography
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Figure 7. Statistically quantified heat flow anomaly compared with the heat flow data. The used heat flow data within region
(a) of Figure 3 (there marked by stars) is plotted by distance from the fault trace. The fault-generated heat flow anomaly
Equation 7 is shown for different powers P,, that correspond to the vertical lines shown in Figure 6a.

corrections (e.g., Blackwell et al., 1980; Fulton et al., 2004), are examples of information unused by the analysis

of Ziebarth and von Specht (2023). Modeling the origin of large scale heat flow trends in the region, for instance

due to slab window cooling (e.g., Popov et al., 2012), may be another example but care needs to be taken to base

these kind of models on data that are independent from the heat flow data (which may not be possible).

By data detrending, data correction, or data subselection, this additional information may reduce the fluctuations

of the heat flow data used in the analysis. This would tighten the statistical bounds on P, and nullify this first

resolution of the extended paradox. Care then has to be taken to include effects of the heat flow detrending models

that decrease our ability to discern the anomaly from the background. For instance, viscous dissipation that leads

to a broadened heat flow anomaly (Takeuchi & Fialko, 2012) may lead to larger posterior P, uncertainty since the

diffuse signal may be more difficult to identity than the pointed anomaly Equation 7. Concludingly, hypothesis

one shows that a stochastic interpretation can lead to drastically different results and should be considered when

interpreting the heat flow data.

4.2.2. Hypothesis 2: Elastic Input Power Is Lower

A second resolution of the extended paradox we consider is the parameter uncertainty of the estimate of the

elastic power E. To resolve the extended paradox by means of adjusting £, we need a low E to be plausible, so

much as for the vertical line to fall left of the exclusion zone in Figure 5. Figure 8 sketches how a change in E can

impact the power budget to resolve the extended paradox.

Ziebarth et al. (2020) investigate the uncertainty of their results by computing E for extreme choices of the

parameters of their model. The two parameters of their model that yield the largest deviation toward a small

elastic power are the static friction coefficient x4 and the maximum depth z,

'max

of the crustal volume that accumu-

lates elastic energy to be released in earthquakes. The static friction coefficient y controls, assuming a critically

stressed crust, the magnitude of maximum differential stress within the crustal volume during the interseismic

loading, and the depth z

'max

parameters y and z,

ters can be multiplied.

represents the lower boundary of that volume (i.e., the seismogenic crust). Both
factorize in the computation of E so that the maximum relative reduction of both parame-

The lower end of the static friction coefficient u considered by Ziebarth et al. (2020) reduces the elastic power

within their ROI from 800 to 300 MW. The lower bound considered for z

'max

leads to a further ~25% reduction.

Combining both reductions, we obtain a lower bound of E &~ 250 MW, which resolves the extended paradox (see

Figure 9). However, each of them individually is not sufficient to resolve it.

The required parameter combination to resolve the extended paradox by means of the input power is quite

extreme. The depth z,

'max

would have to be 11 km throughout, which is in many places shallower than fault depths

within the UCERF3 model, the seismogenic depth estimated by Zeng et al. (2022), and the estimated depth of the
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Figure 8. Sketch of hypothesis 2 to resolve the extended paradox of Section 3.2. Panel (a) illustrates the energy budget of the extended paradox. The total elastic input
power E, composed of radiated power P,, frictional power P, and surface power Py, is distributed between the SAF and the remaining volume according to the factor
f. Surface power Py is assumed possibly significant only in the remaining volume, where it is not distinguished from the frictional power. The total radiated power,
given by the efficiency 7, is distributed between the SAF and the remaining volume according to the factor £ On the SAF, with Pg = 0, the surplus of the fractional E
is frictional power P, which is too large compared to the heat flow constraint. The hatched area shows the amount of P, which is above the limit given by the heat flow
data. Panel (b) shows how hypothesis 2 resolves the extended paradox. The total elastic input power E is reduced to E', but the values for the radiated energy P, £ and f
are the same as in panel (a). This results in an increase of the seismic efficiency 7. The reduced P, on the SAF resolves the extended paradox.

brittle-ductile transition estimated by Cheng and Ben-Zion (2019). Furthermore, the static friction coefficient y
would have to be exceptionally low throughout the bulk volume, contradicting punctual in-situ measurements of
stress magnitudes (e.g., at Cajon Pass; Townend & Zoback, 2000).

An alternative to the unlikely scenario that the static friction coefficient were small throughout all the bulk
volume is that the differential stress is below criticality in the bulk volume assuming that a sufficiently large set
of weak (low-u) faults prevents the buildup of critical stresses in the bulk volume. Shebalin and Narteau (2017)
present such a mechanism, a model of pore overpressure and plastic flow that leads to a low effective static fric-
tion coefficient in California along the SAF. We use their model to compute an effective static friction coefficient
1 = 0.092 that leads to the same depth-average stress at 16 km depth, where their model transitions to plastic
flow (see Text S1.3 in Supporting Information S1). The configuration in Figure 9 goes below both parameters
simultaneously.

The way that hypothesis two might be tested is by employing a more advanced, multidimensional geomechanical
model that adheres to force balance. The need for a very low static friction coefficient u in the model of Ziebarth
et al. (2020) requires either the ubiquitous existence of pore overpressure or a sufficient number of statically weak
faults that prevent the buildup of critical stress in the bulk crust. Townend and Zoback (2000) argue that wide-
spread crustal pore overpressure is prevented by typical permeability of crustal rock, so that hypothesis two can
be reduced to the question whether a very weak fault system could lead to a stress field in California that seems
as if it were generated by a low static friction coefficient (0.08).

Existing geomechanical models that include the three-dimensional geometric setting and force balance generally
support the existence of faults with low friction coefficients (e.g., Bird & Kong, 1994; Popov et al., 2012) that
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Figure 9. Resolving the extended paradox by using lower bounds on ENCOS E. The best estimate elastic power

E =800 MW of Ziebarth et al. (2020) scaled to our ROI is shown as a light red vertical line. Using E from the lowest

static friction coefficient 4 = 0.08 that Ziebarth et al. (2020) have considered as extremal uncertainty, the constraint moves
left as indicated by the long arrow. Using furthermore the lower end of the depth parameter z,,,, the thickness of the
energy-accumulating crust, the elastic power in our ROI is reduced to 250 MW and all three constraints can be fulfilled by the
parameter combination indicated by the leftmost circle. The ROI (“San Andreas region”) is shown in Figure 3.

would be required for the generally low stress field. What is more, these models typically require the existence
of weak faults to reproduce the contemporary deformation data: Bird and Kong (1994) find best fit models with
1 = 0.17 and Popov et al. (2012) find a best-fit model with u = 0.08 on faults. Evaluating these kind of models
for the regional strain rate and stress fields while using information about the contemporary fault system (as for
instance done by Liu et al. (2010)) and computing the elastic input power E may be a way to test hypothesis two.

4.2.3. Hypothesis 3: Efficiency on SAF Differs From Volume

The third hypothesis is to relax the assumption that the efficiency on the SAF is the same as within the rest of the
volume (77 = #jsar). This assumption implied that the distribution of radiated energy between SAF and volume is
the same as the distribution of elastic input energy between the two (£ = f; Equation 14). Consequently, in this
section we consider £ # f. Since the heat flow observations require the frictional power on the SAF to be low, a
larger efficiency is needed on the SAF to resolve the extended paradox. Therefore in this section we have ijsar > 7
and & > f.

Relaxing the assumption # = #jsar decouples the total elastic power E from the frictional power PEIAF on the SAF.
The frictional power within the rest of the volume can absorb all additional elastic power put into the volume
without affecting the heat production and radiation on the SAF. Figure 10 illustrates the decoupling. In both panel
(a) and (b), the radiated power distributes in the same manner between the SAF and the remaining volume (say
& = 41% from the extended paradox). Furthermore, the total input power E is the same in both panels. Meanwhile,
a large part of the frictional power assigned to the SAF in the extended paradox (panel a) is reassigned to the
faults of the remaining volume in hypothesis 3. In this way, the frictional power on the SAF is low enough not to
conflict with the constraint from heat flow data.

It is unlikely that a redistribution of frictional power from the SAF (Figure 10a) to all remaining faults of the
volume (Figure 10b) would lead to a measurable heat flow anomaly elsewhere. The combined length of the
remaining faults is considerably larger—additional known faults of roughly 10,000 km cumulative length are
listed within the ROI by the UCERF3 model alone—and they are at least partly younger than the SAF. Thereby,
heat flow anomalies along the remaining faults would be weaker than an anomaly on the SAF of the same
frictional power, which, as laid out in Section 4.2.1, is already difficult to detect. Furthermore, our assumption
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Figure 10. Sketch of hypothesis 3 to resolve the extended paradox. Panel (a) shows the energy budget in the extended paradox (see Figure 8). Panel (b) shows how
hypothesis 3 resolves the extended paradox. The total seismic efficiency and elastic power are kept the same as in (a), and so is the distribution of P, between SAF and
remaining volume (&). The seismic efficiency 7jsar of the SAF is assumed to be higher than the efficiency 7., in the rest of the volume, but E, P, and £ do not change.
This results in a decrease of the frictional power of the SAF. The remaining part of the frictional power is accounted for in the remaining volume's budget, leading to a
lower seismic efficiency 7/ , compared to panel (a). An implication is that f” in panel (b) is smaller than fin panel (a).

of negligible surface energy in the power budget of the well-developed SAF cannot easily be transferred to the
remaining faults in the volume. This could allow for a significant amount of surface energy in the power budget
of the remaining volume, further reducing the frictional power available on each fault to generate the heat flow
anomaly.

The relaxation of the homogeneity of the seismic efficiency has profound consequences for the parameter space
of total elastic power and seismic efficiency if the efficiency on and off the SAF is allowed to vary arbitrarily.
Then, the upper bound P3* on the frictional power on the SAF from the heat flow data (Equation 18) does not
lead to an exclusion zone like in Figure 5. The underlying reason is that the power P, on the SAF could always be
lowered into the permitted range (Figure 10b) by increasing the seismic efficiency on the SAF. Instead, the heat
flow constraint on the frictional power leads to an upper bound on the total radiated power. Vice versa, a given
total radiated power leads to a lower bound for the efficiency on the SAF.

We now derive these bounds. Using Equations 3 and 4 for the power budget on the SAF and expressing the radi-
ated power on the SAF through & and P, (Equation 12), we get

SAF 1— f]SAF
- £P. < P, @1

PR = (1 = fsar) — -
NSAF HSAF

which inserted into the inequality Equation 18 leads to the upper bound

o NSAF max

P.=yFE < .
%S (1 —fjsap)é (22)
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Figure 11. Resolving the extended paradox by larger seismic efficiency on the San Andreas fault. The change of the
exclusion zones of Figure 5 is illustrated when the fraction of radiated power £ is not equal to the fraction f of elastic power
on the SAF, both relative to the respective power in the volume. The gray shaded areas show areas of the parameter space
that are forbidden due to the heat flow constraint on the frictional power on the SAF, Equation 22. The ROI (“San Andreas
region”) is shown in Figure 3.

Figure 11 illustrates this upper bound for a number of seismic efficiencies on the SAF. Beginning at

b
fisar > ———— =5.8%, (23)
Pé+ Py

the three constraints on # and E can be fulfilled simultaneously and the extended paradox is resolved.

This particular value for the average seismic efficiency, 5.8%, is plausible. Not many estimates of the seismic
efficiency have been computed for natural earthquakes since the total energy AFE released during an earthquake
cannot be inferred by seismological means (e.g., Wang, 2004). Additional data needs to be available to estimate
the frictional dissipation during the earthquake. McGarr (1976) has analyzed mining-induced earthquakes in
which AF can be estimated from the collapsed volume and found seismic efficiencies in the range of 0.1-1.0%.
McGarr (1999) conjectured that 7 < 6% is an upper bound for the seismic efficiency, coinciding with the seismic
efficiency of laboratory stick-slip earthquakes by Lockner and Okubo (1983) in which 4% < < 8%. Noting that
the upper bound of this conjecture has been challenged to be too low (Ide & Beroza, 2001; Wang, 2004), our
lower bound of 5.8% is clearly plausible. An interesting observation comparing our lower bound with the results
presented by McGarr (1999) is that in this hypothesis, the SAF must be more efficient than the earthquakes
observed by McGarr (1976)—which might correspond to less active faults—but the stick-slip process observed
by Lockner and Okubo (1983) would be sufficiently efficient.

Kanamori and Heaton (2000) present a model for large earthquakes that allows large seismic efficiencies and can
hence fulfill Equation 23. The key component that leads to high seismic efficiencies is a dynamic weakening of
the fault due to thermal effects that becomes relevant for large earthquakes. The resulting low coseismic friction
and fault-generated heat flow has been observed in Taiwan and Japan (Fulton et al., 2013; Kano et al., 2006).
Multiple different mechanisms have been proposed for the dynamic weakening, such as dynamic pore over-
pressure (Kanamori & Heaton, 2000; Sibson, 1973), flash heating (e.g., Goldsby & Tullis, 2011; Kanamori &
Heaton, 2000), and “wrinkle-like slip pulses” (Andrews & Ben-Zion, 1997, this effect is not thermal). Thermal
dynamic weakening effects have been numerically simulated by Lambert et al. (2021), who find that in statically
strong faults, they can lead to “self-healing pulse-like” ruptures with high seismic efficiencies (judging from their
Figure 2c¢).

ZIEBARTH ET AL.

18 of 25

85U8017 SUOWILIOD 3A1Te81D 3|l dde aup Aq pausenob afe 8ol YO SN JO Ss|nJ o} AkeiqiT8uIIuO 43| 1/ UO (SUORIPLIOD-PUe-SWLSH W00 A3 1M AeIq 1 eu1|uo//SdNy) SUORIPUOD pue swie | 8Y} 88S *[£202/2T/LT] Uo AriqI8UlUO A8 ]IM ‘Z49 Wepsiod winiuezZ-zoyweH Aq 9802209rE202/620T OT/10p/L0d 48| imArelqjputuo'sgndnBe//sdny wouy pspeojumoq ‘2T ‘€202 ‘95666912



A7oN |

ADVANCING EARTH
AND SPACE SCIENCES

Journal of Geophysical Research: Solid Earth 10.1029/2023JB027086

Testing the plausibility of hypothesis 3 is elaborate. Deriving the average efficiency of the SAF from observed
earthquakes is prohibited by the return time of large earthquakes. What remains is to assess the plausibility of
potential mechanisms for a high seismic efficiency. Scholz (2006) outlines arguments to reject multiple mech-
anisms that could cause coseismic friction. A rigorous quantitative review of these arguments may help test
hypothesis 3. Furthermore, large-scale computational models of coseismic dynamics on and off the fault may
help to test wave-theoretic models (e.g., Andrews & Ben-Zion, 1997).

The explanatory power of the heat flow analysis for the volume's parameters can be restored if a lower bound on
the seismic efficiency within the rest of the volume could be stated. This way, the frictional power in the volume
could not simply grow without bounds and at a point, the radiated power in the remaining volume and (due to
fixed &) the other powers of the budget shown in Figure 10b would have to increase to accommodate a growth
in total elastic power. This, in turn, would bring the frictional power PZAF on the SAF closer to its maximum
permitted by the heat flow analysis.

4.2.4. Hypothesis 4: Low Scaled Energy on SAF (¢ = f Small)

The final hypothesis we consider is that the scaled energy ey, the ratio of radiated energy to seismic moment,
is fault-dependent and smaller on the SAF than in the remaining volume. Previously in Section 4.1.3, we have
shown that although the scaled energy directly affects all our estimates of radiated power from seismic moment,
a uniform change of e, across the ROI cannot resolve the extended paradox within the currently known range of
e,. The same, however, need not hold if the scaled energy differs on a fault-basis rather than spatially uniformly.
In particular this might have an impact if the SAF as a well-developed fault hosts earthquakes of different scaled
energy than the remaining faults.

A change in scaled energy can help resolve the extended paradox if it leads to a sufficiently reduced P, on the
SAF. The scaled energy has a direct control foremost on the radiated power P,, hence a difference of e, between
the SAF and the volume changes ¢ first. Yet, in the derivation of the extended paradox in Section 3.2, we have
assumed that the elastic power is distributed in the same ratio on and off the SAF as the radiated power, f= &. To
distinguish hypothesis 4 from hypothesis 3, we retain the equality of the seismic efficiency on and off the SAF,
and hence vary f= £ simultaneously. Consequently, we look at fand £ smaller than the value of 41% of Section 3.2
to resolve the extended paradox. Figure 12 sketches the changes in power budget that result from hypothesis 4.

Smaller values of £ and f can be obtained for a given seismic moment rate if the scaled energy on the SAF is
lower than on the remaining faults. Suppose that the scaled energy on the SAF is lower by a factor g than in the
surrounding volume (€3 = ge''). Then we can express & by g and the moment rates on the SAF and within the
volume:

g MSAF
(24)

gM(?AF + 1\.4()\/0l
To determine how small g can plausibly be, we have evaluated the distribution of scaled energy from a number
of sources (Baltay et al., 2014; IRIS DMC, 2013; Kanamori et al., 2020, see Text S1.1 in Supporting Informa-
tion S1) and found that 90% of the scaled energy estimates are contained in the interval 5 X 1076 to 6 x 1075, If
we assume that e, on the SAF is at the low end and the remaining volume at the high end of this range, we obtain
f= & =5.6% by repeating the catalog analysis of Section 3.2.

These values of £ and f can resolve the extended paradox. Figure 13 shows the resulting exclusion zone, which
is shifted to larger powers with more than twice the elastic power E of the best estimate of Ziebarth et al. (2020)
permitted. We also computed the approximate f, 13%, at which the extended paradox is just resolved due to low f.
The resulting exclusion zone is shown as a dashed line in Figure 13. This f (and £) is obtained if the scaled energy
is a factor 4.7 lower on the SAF than on the remaining faults of the volume.

A key question for the validity of this last hypothesis is whether the systematic factor five difference in scaled
energy between the SAF and the remaining faults of the volume is possible. Compared to the event-to-event vari-
ability, most contemporary studies find only mild correlation of the scaled energy with tectonic regime (see e.g.,
Baltay et al., 2014; Denolle & Shearer, 2016; Kanamori et al., 2020) and no significant dependency on magni-
tude (e.g., Baltay et al., 2011; Denolle & Shearer, 2016; Kanamori et al., 2020). One exception are large inter-
plate earthquakes in subduction zones that show systematically lower scaled energy (Denolle & Shearer, 2016).
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Figure 12. Sketch of hypothesis 4 to resolve the extended paradox. Panel (a) shows the energy budget in the extended paradox (see Figure 8). Panel (b) shows how
hypothesis 4 resolves the extended paradox. The partition of P, and E between SAF and remaining volume (¢ and f) are reduced simultaneously (£ = (f). The seismic
efficiency and total elastic power do not change. This scenario would result from a scaled energy e, that is lower on the SAF than on the other faults of the volume
under the constraint of a homogeneous seismic efficiency. Resulting from the smaller f, frictional power on the SAF is reduced, resolving the extended paradox.

Denolle and Shearer (2016) list averages of the scaled energy for intra- and interplate earthquakes that differ by a
factor of 6.7, which would be compatible with the required factor 5 if the SAF were similar to a subduction plate
boundary.

Radiguet et al. (2009) find from the analysis of 28 large continental earthquakes that the ground shaking origi-
nating from immature faults is on average 1.5 times larger than that from mature faults, suggesting that the scaled
energy differs by a factor of 2. This is insufficient for the required factor 5. Among the earthquakes Radiguet
et al. (2009) analyzed is a single data point for the SAF, the 2004 M6 Parkfield earthquake, suggesting a contra-
diction with hypothesis 4 if this data point were representative for the SAF. However, in a recent study Guo
et al. (2023) find that the scaled energy may depend non-monotonously on the geological maturity of the fault,
with peak scaled energy at intermediate maturity and lower scaled energy at low and high maturity. They propose
increased energy dissipation in fracture growth for the very immature, and lack of high-frequency radiation in
mature faults as mechanisms for this dependency. Within their set of 34 investigated earthquakes, the scaled
energy ranges roughly within a factor 9. This might allow for sufficient systematic variation of the scaled energy
between the San Andreas fault and less mature faults, although there is considerable scatter that prevents a clear
systematic estimate.

In light of the sparse data situation, hypothesis 4 cannot yet be tested. Its clarification depends on whether the
SAF as a plate boundary is, on average, similar in scaled energy to subduction zones, or whether its average
scaled energy is more similar to the average intraplate fault. The study of Guo et al. (2023) might, in conjunction
with a detailed study of the seismic moment rate distribution across the Southern Californian fault system, be a
promising starting point for future tests of this hypothesis 4.
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Figure 13. Resolving the extended paradox by a weak low-radiation mature fault. The proposed fault has a low scaled energy
eg due to a low static coefficient of friction p. It releases less elastic power at a given slip rate and hence has a smaller f.

The filled exclusion zone has f = 5.6% and the dashed line shows f = 13%. We keep the equality & = fintact. The ROI (“San
Andreas region”) is shown in Figure 3.

4.3. Combined Hypotheses and Implications for Seismic Hazard

The four hypotheses we discussed have been chosen to be simple in the energy-related parameters of the extended
paradox. Each hypothesis focuses on the effect that one relevant parameter can have on the extended paradox, and
in a sense can be called an end-member of the problem. Our set of hypotheses lists all relevant mechanisms to
resolve the extended paradox under the assumptions we have taken, and in the energy-related parameters.

At least some of the parameter changes of the hypotheses can be combined and reality might be a mixture of
some end-members. For instance, the SAF could be very efficient but the remaining weak heat flow anomaly
hidden by heat flow fluctuations. Another example is the “crack-like” rupture model by Lambert et al. (2021),
which produces earthquakes of low scaled energy (hypothesis 4) but simultaneously operates at generally low
differential stresses (hypothesis 2).

The distinction between these mechanisms is important for the assessment of seismic hazard. Hypotheses 1-3,
for instance, yield higher radiated power on the SAF compared to the remaining volume than hypothesis 4, while
the inverse is true for the remaining volume. Further inspection of the limits of the parameters—in particular the
scaled energy on and off the SAF—seems warranted in this context. The extended paradox provides a constrain-
ing context for further work.

Finally, the heat flow constraints on the frictional power can be used to constrain the parameter space of elastic
power and seismic efficiency. The exclusion zone shown in Figure 5 removes a chunk of the parameter space of E
and 7 for E < 2 GW. These parameters are crucial components of the seismicity model of Ziebarth et al. (2020).
The exclusion zone has the potential to yield information that adds to the estimate of the elastic power E (exclud-
ing the dotted part of the vertical line in Figure 5), constraining the seismic efficiency from below and hence
leading to a minimum radiated power.

5. Conclusions

Translating the San Andreas heat flow paradox to the parameter space of accumulating elastic power and seis-
mic efficiency, and augmenting it with recent estimates of the input power in Southern California (Ziebarth
et al., 2020) leads to the extended paradox. Well-known bounds on the strength of a fault-generated heat flow
anomaly across the San Andreas fault (Lachenbruch & Sass, 1980) lead to a constraint on the fault's frictional
power that is not compatible with the radiated power and the elastic power in the region.
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Four escape routes can resolve the extended paradox. First, a stochastic interpretation of the heat flow variability
within the region finds a 20% probability that a fault-generated heat flow anomaly consistent with the radiated
and input power of the region exists. Second, within the uncertainties the elastic input power in Southern Califor-
nia might be small enough to resolve the extended paradox; this would require an exceptionally low static friction
= 11 km). Third, the San Andreas
fault might differ from the remaining faults in the system by a comparatively high seismic efficiency (7 > 5.8 %).

coefficient (4 = 0.08) and thickness of the energy-accumulating crust (z,,,,
Fourth, the San Andreas might be a weak mature fault characterized by a low scaled energy E /M), one fifth of
the surrounding volume. Finally, a combination of multiple hypotheses can also resolve the extended paradox.

The methodology we have developed in this work has useful implications not only to understand the long-term
energy budget of the SAF but also for the analysis of seismic hazard. The use of the heat flow data leads to a
further, probabilistic constraint in the space of seismic efficiency and elastic power, two key parameters of long-
term seismicity modeling in energy space (Ziebarth et al., 2020). The constraint is complementary to existing
information derived from other types of data. The use of an energy-based framework, in turn, can be beneficial
for the quantification of shaking and seismic hazard (Picozzi et al., 2018; Ziebarth et al., 2020).
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