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Abstract 15 

The study introduces an efficient methodology to perform the transformations between 16 

station coordinate and velocity solutions where either minimum or redundant datum 17 

constraints have been imposed employing the estimated state vector and the covariance 18 

matrix thereof. The analytical methodology presented herein facilitates the datum 19 

alignment of large-network solutions, especially for the GNSS technique. The 20 

computational complexity reduction is achieved by avoiding the expensive normal 21 

equation system reconstruction and the subsequent inversion thereof, which is the 22 

current norm, in favor of an elegant approach involving the inversion of an up to 14-order 23 

matrix. All information parsed in our algorithm is readily available in the widely used 24 

space geodetic solution files following the Solution Independent Exchange (SINEX) 25 

format. Our transformation approach is evaluated in two globally distributed GNSS-26 

derived solutions and one terrestrial reference frame with a spatial concentration in 27 

South America. The results prove the equivalence of the current and proposed algorithm 28 

and that our approach is at least an order of magnitude faster. In addition, we test the 29 

Fast Constraints Transformation (FCT) through simulated networks, with a size of up to 30 
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5000 stations. The FCT presented here accelerates the transformation by almost 140 31 

times compared to the commonly used strategy.  32 

 33 

Keywords: least squares adjustment, constraints, terrestrial reference frames, GNSS 34 

network, SINEX, Fast Constraint Transformation 35 

 36 

Introduction 37 

The International Reference Frame (ITRF) is a set of reference point trajectories on the 38 

earth’s surface that realize a terrestrial reference system (Bosy 2014, Crespi et al. 2015). 39 

The reference system definition and its realization play a crucial role for the modern 40 

Terrestrial Reference Frame (TRF) accuracy (Altamimi and Dermanis 2009, Collilieux et 41 

al. 2013). There are numerous studies addressing the reference system definition and its 42 

realization (Davies and Blewitt 2000, Sillard and Boucher 2001). One of the most 43 

important issues for the TRF realization is the role of the constraints that provide 44 

information related to the definition of the origin, orientation and scale of the system. By 45 

and large, the datum constraints fall into either of two categories: 46 

The so-called Minimum Constraints (MC) are imposed only to treat the problem of 47 

the rank deficiency (Baarda 1973) of the Normal Equations (NEQ) related to a Least-48 

Squares adjustment problem (Kotsakis 2012). In essence, they provide information that 49 

is not provided inherently by the measurements involved to the adjustment. We may also 50 

point out that the terms MC and inner constraints (Pope 1971, Leick et al. 2015) are 51 

interchangeable for the TRF solution strategy.  52 

The Over Constraints (OC), also known as redundant constraints, correspond to a 53 

number of constraint equations larger than the rank deficiency (Dermanis 1987). They 54 

are usually considered to add extra constraints to an existing geodetic network. OC could 55 

be beneficial for various cases, e.g., when a daily regional network should be rigourously 56 

expressed  in an ITRF (Sánchez et al. 2011). 57 

In general, the OC solution imposes a particular geometry on the existing geodetic 58 

network. It is possible that one may want to transform an OC to an MC solution in order 59 

to study and compare the influence of different estimation strategies or to obtain an MC 60 

solution, e.g., for a combined multi-technique global Terrestrial Reference Frame TRF. We 61 



3 

 

should clarify that in the context of this study, the use of constraints refers to the so-called 62 

No Net Conditions (NNCs), namely: No Net Translation (NNT), No Net Rotation (NNR) 63 

and No Net Scale (NNS) (Angermann et al. 2004). The NNCs are mainly used for the global 64 

terrestrial reference frame construction (Altamimi et al. 2002). These conditions are 65 

directly expressed through similarity transformation (Helmert) parameters; usually, 66 

orientation and origin and/or scale and/or orientation, which define the origin (NNT), 67 

define the orientation (NNR) and define the scale (NNS). Within the geodetic literature, 68 

there are many studies referring to the TRFs constraint handling (Davies and Blewitt 69 

2000). 70 

The classical approach builds up a rigorous transformation between two 71 

solutions; the exact steps are described in the next section with a comparison with the 72 

fast transformation. However, there is a serious drawback pertaining to the 73 

computational effort and complexity in the case of large networks. The previously 74 

described rigorous approach is based on the inversion of potentially large NEQ systems, 75 

especially for the GNSS TRF solution case  76 

In the present study, we describe a new method, the Fast Constraints 77 

Transformation (FCT), that allows the rigorous transformation between MC and OC 78 

solutions and vice versa as well as among different MCs. Taking advantage of the plethora 79 

of previous studies, we collect and analyze all the crucial points regarding the easier 80 

implementation of handling constraints through the prism of the modern TRFs. In 81 

essence, the FCT proposed herein presents an efficient way of not interfering with the 82 

Normal Equations (NEQ), thus saving computational effort. We prove that one can 83 

directly work at the solution level for many practical applications if they adopt the 84 

proposed methodology. The main advantage of FCT lies in the inversion of a relatively 85 

small matrix, not exceeding the size of 14. We give all the necessary mathematical 86 

formulas for any user who is willing to follow the algorithm as well as ready-to-deploy 87 

software. In addition, we show the possibility to apply the method in the so-called 88 

solution level derived from any given SINEX file. 89 

The FCT is validated through a weekly solution of the South American TRF called 90 

SIRGAS (Sanchez et al. 2010). Furthermore, we test FCT methodology to a. two global 91 

GNSS networks of the International GNSS Service (IGS) and b. global simulated GNSS 92 
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networks. The results of FCT methodology are compared with those of the classical 93 

approach, confirming the success of the methodology.    94 

 95 

Methodology for the Transformation of the Least-Squares Solutions for TRFs 96 

We begin with the well-known formula of the free NEQ system (Koch 1987): 97 𝐍𝐱 = 𝐮                                                                                                                                                      (1) 98 

where 𝐱 = 𝐱𝐚 − 𝐱𝐨  is the vector of the corrections to the a priori 𝐱𝐨 of the unknown 99 

parameters 𝐱𝐚,  𝐍 = 𝐀𝐓𝐐𝐀  denotes the NEQ singular matrix with the design matrix or 100 

Jacobian A not being of full rank for any space geodetic technique if station coordinate 101 

estimates are sought, 𝐮 = 𝐀𝐓𝐐𝐛 denotes the right-hand side vector, and Q is a proper 102 

weight matrix. To handle the rank-deficiency, one can impose MC: 103 (𝐍 + 𝐁T𝐐𝐁𝐁)𝐱 = 𝐮                                                                                                                             (2a) 104 

or in a compact form 105 𝐍𝐌𝐂𝐱 = 𝐮                                                                                                                                               (2b) 106 

In the case of the OC solution, one can write:  107 (𝐍 + 𝐁T𝐐𝐁𝐁 + 𝐆T𝐐𝐆𝐆)𝐱 = 𝐮                                                                                                         (3a) 108 

or 109 (𝐍𝐌𝐂 + 𝐆T𝐐𝐆𝐆)𝐱 = 𝐮                                                                                                                        (3b) 110 

or 111 𝐍𝐎𝐂𝐱 = 𝐮                                                                                                                                                (3c) 112 

where 𝐍𝐌𝐂  is the non-singular NEQ matrix of the MC solution, and 𝐍𝐎𝐂  is the non-113 

singular NEQ matrix of the OC solution. 𝐁 = (𝐄T𝐄)−𝟏𝐄T is the matrix which relieves the 114 

initial NEQ matrix of its inherent rank deficiency (Davies and Blewitt 2000, Wu et al. 115 

2015) and it is also used for the ITRF construction (Altamimi et al. 2002). The Helmert 116 

matrix E contains all the appropriate columns for the MC solution. The rows refer to 𝑚 117 

stations. Matrix E has the general form (Leick and van Gelder 1975, Altamimi et al. 2002):  118 

𝐄 = [ 𝐓𝐢 D𝐢 𝐑𝐢⋮ ⋮ ⋮𝐓𝐦 D𝐦 𝐑𝐦]                                                                                                                             (4) 119 
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where 120 

𝐓𝐢 = [1 0 00 1 00 0 1]                                                                                                                                     (5) 121 

refers to the origin parameters [TX TY TZ]𝐓, 122 𝐃𝐢 = [x𝐢 y𝐢 z𝐢]𝐓                                                                                                                                 (6) 123 

refers to the scale parameter 𝐃, and, 124 

𝐑𝐢 = [ 0 zi −yi−zi 0 xiyi −xi 0 ]                                                                                                                         (7) 125 

refers to the orientation parameters. The rows of E matrix for the stations which are not 126 

marked as fiducial hence not included in the subset of MC definition are null. The triplet 127 [x𝐢 y𝐢 z𝐢]𝐓  refers to the 3D coordinates of an arbitrary network node 𝑖. The size of the 128 

E matrix is 𝑚 × 𝑘 , where 𝑚  is the total number of the unknown coordinates and/or 129 

velocities parameters and 𝑘  the number of the Helmert parameters which refer to 130 

specific No Net Conditions (NNC) as 𝐁T𝐐𝐁𝐁 = 𝟎. The term NNC refers to individual No 131 

Net Conditions: NNT, NNR, and NNS and/or to their combination. The maximum number 132 

of the E matrix columns are 14, expressing the NNC for the coordinates and velocities. 133 𝐆 in (3) refers to a matrix that attributes the associated columns that correspond 134 

to particular Helmert parameters of the E matrix, which are used for the OC solution. The 135 

size of B and G matrices are 𝑚 × 𝑘1 and 𝑚 × 𝑘2, respectively. The term 𝑘1  refers to the 136 

number of the Helmert parameters of the MC, while 𝑘2  to the number of the Helmert 137 

parameters constrained for the OC.    Finally, 𝐐𝐁  and 𝐐𝐆  are the square and usually 138 

diagonal weight matrices of the Helmert parameters for MC and OC solutions, 139 

respectively. The sizes of these two matrices are k1 X k1 for the MC and k2 X k2 for the OC 140 

case, respectively. In the case of selecting a set of stations instead all of them, the E matrix 141 

will have zero rows for the stations not involved to the MC datum definition The use of a 142 

stations sub-set, instead of all for the MC definition, is called partial inner constraints 143 

(Kotsakis 2013). We should underline that for the present study, the terms MC and OC 144 

refer to weighted NNC, which are mainly applied to the TRF studies.  145 

As a final comment, we should point out that the solution of the MC at (2a) corresponds 146 

to zero constraints (𝐁T𝐐𝐁𝐁) which are commonly used in the global reference frame 147 



6 

 

realization. However, one can apply non-zero constraints such as changing the Euler pole 148 

for the new plate reference frame; this method is currently not applicable as the non-zero 149 

constraints are not considered within the current study. 150 

 151 

Transformation from Minimum Constraints to Over Constraints  152 

We proceed with the description of the transformation from MC to OC following some 153 

specific mathematical relations. The derivation of the equations is based on the analytical 154 

relations of the constraints used for this purpose. 155 

 156 

Parameter Estimation for OC 157 

Following (3), the solution of the OC is written as:  158 𝐱̂𝐎𝐂 = 𝐂𝐎𝐂𝐮                                                                                                                                              (8) 159 

where 160 𝐂𝐎𝐂 = (𝐍𝐌𝐂 + 𝐆T𝐐𝐆𝐆)−𝟏                                                                                                                    (9) 161 

denotes the covariance matrix (CV) of the OC solution. 162 

Expanding (9) according to the matrix identities, we have now (Blewitt 1998, Chapter 6):  163 

𝐂𝐎𝐂⏟m x m = 𝐂𝐌𝐂⏟m x m − 𝐂𝐌𝐂⏟m x m 𝐆T⏟m x 𝑘2 ( 𝐂𝐆⏟𝑘2 x 𝑘2 + 𝐆⏟𝑘2 x m 𝐂𝐌𝐂⏟m x m 𝐆T⏟m x 𝑘2)−𝟏 𝐆⏟𝑘2 x m 𝐂𝐌𝐂⏟m x m                                   (10) 164 

where 𝐂𝐌𝐂 = (𝐍𝐌𝐂)−𝟏 = (𝐍 + 𝐁𝐓𝐐𝐁𝐁)−𝟏 and 𝐂𝐆 = (𝐐𝐆)−𝟏; the bottom line presents the 165 

matrix dimension. Combining (9) and (10) yields: 166 𝐱̂𝐎𝐂 = 𝐂𝐌𝐂𝐮−𝐂𝐌𝐂𝐆T(𝐂𝐆 + 𝐆𝐂𝐌𝐂𝐆T)−𝟏𝐆𝐂𝐌𝐂𝐮                                                                          (11) 167 

Considering that  𝐱̂𝐌𝐂 = 𝐂𝐌𝐂𝐮, (11) yields:  168 𝐱̂𝐎𝐂 = (𝐈 − 𝐂𝐌𝐂𝐆T(𝐂𝐆 + 𝐆𝐂𝐌𝐂𝐆T)−𝟏𝐆)𝐱̂𝐌𝐂 
 ⇒    169 𝐱̂𝐎𝐂 = 𝐋𝐱̂𝐌𝐂                                                                                                                                          (12)  170 

Using (12) the CV matrix could be also expressed as follows by applying the error 171 

propagation law:  172 𝐂𝐎𝐂 = 𝐋𝐂𝐌𝐂𝐋𝐓                                                                                                                                     (13) 173 
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According to (12) we successfully transformed an MC solution to an OC solution, using 174 

the estimated vector of the unknowns, its associated CV matrix, and matrices 𝐆 and 𝐐𝐆. 175 

The vector of the estimated unknowns and its associated CV matrix have already been 176 

computed and probably stored, e.g., in a SINEX file. The new term is the matrix 177 𝐂𝐆 + 𝐆𝐐𝐆𝐆T which should be inverted. In other words, one can save lot of computational 178 

effort by inverting a small matrix instead of a matrix of a much larger dimension. For 179 

example, the CV matrix size of the GNSS network of ITRF2014 (Altamimi et al. 2016) is 180 17616 ×  17616 . The IGS combination scheme includes nowadays large number of 181 

stations (Rebischung et al. 2016). Equation (8) is applied with respect to a unique MC 182 

solution. A different set of MC will lead to different solutions. So, the described algorithm 183 

transforms a unique MC to OC solution(s). 184 

The OC solution should be carefully implemented since it is directly related to the 185 

geometry of the geodetic networks (Dermanis 1987). For example, one can constrain the 186 

scale of a GNSS and a DORIS solution to test the origin and scale definitions of these two 187 

techniques with respect to an ITRF solution. Through FCT this could be easily realized, 188 

avoiding large matrix inversions. For the cases of regional GNSS networks, FCT comprises 189 

advantages, as we will discuss next.   190 

The MC to OC transformation presented herein refers exclusively for rank 191 

deficient systems such as VLBI with respect to the origin and the orientation (rank 192 

deficiency of 6). Similarly, there is no need to include a Z-rotation parameter for GNSS 193 

solutions without orbit parameters.     194 

 195 

Estimating the a posteriori variance factor for the OC solution 196 

We begin with the optimization criterion φ̂𝐌𝐂 for the MC, which is the minimization of 197 

the weighted squared residuals (Koch,1987): 198 φ̂𝐌𝐂 = 𝐛𝐓𝐐𝐛 − 𝐮T𝐱̂𝐌C                                                                                                                       (14) 199 

where 𝐛  the vector of the reduced observations also known as the observed-minus-200 

computed vector, and Q is the weight of the observations. The definition for the a 201 

posteriori variance factor is:   202 σ̂MC2 = φ̂𝐌𝐂fMC = 𝐞̂𝐓𝐏𝐞̂fMC                                                                                                                                 (15) 203 
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where σ̂MC2  is the a-posteriori variance factor, 𝐞̂ is the vector of the residuals and fMC 204 

denotes the degrees of freedom. From (14) we get:  205 𝐛𝐓𝐏𝐛 = φ̂𝐌𝐂 + 𝐮T𝐱̂𝐌C                                                                                                                       (16) 206 

Recasting (14) employing (12) and (16) for the OC case, we have:                                 207 φ̂𝐎𝐂 = φ̂𝐌𝐂 + 𝐮T(𝐈 − 𝐋)𝐱̂𝐌C                                                                                                             (17)    208 

Equivalently:                                                                          209 φ̂𝐎𝐂 = σ̂MC2 fMC + 𝐮T(𝐈 − 𝐋)𝐱̂𝐌C                                                                                                       (18) 210 

If we substitute 𝐮 = 𝐂𝐌𝐂𝐱̂𝐌C , equation (18) now reads: 211 φ̂𝐎𝐂 = σ̂MC2 fMC + (𝐱̂𝐌C)𝐓𝐂𝐌𝐂(𝐈 − 𝐋)𝐱̂𝐌C                                                                                       (19) 212 

Finally, the a-posteriori variance for the OC solution will be estimated as follows: 213 σ̂OC2 = φ̂𝐌𝐂+𝐮T(𝐈−𝐋)𝐱̂𝐌CfMC+k = σ̂MC2 fMC+𝐮T(𝐈−𝐋)𝐱̂𝐌CfMC+k = σ̂MC2 fMC+(𝐱̂𝐌C)𝐓𝐂𝐌𝐂(𝐈−𝐋)𝐱̂𝐌CfMC+k                                  (20)  214 

where 𝑘 is the number of the OC. Taking into account the given quantities of a SINEX file, 215 

it is possible to achieve the transition from the MC to OC using the described.  216 

 217 

Transformation from OC to MC 218 

Let us re-write (3a) as 𝐍𝐎𝐂 = 𝐍 + 𝐁T𝐐𝐁𝐁 + 𝐆T𝐐𝐆𝐆    , from which it follows that                  219 𝐍𝐌𝐂 = 𝐍𝐎𝐂 − 𝐆T𝐐𝐆𝐆                                                                                                                         (21)            220 

The associated covariance matrix of the estimated unknowns is:                                                                                                       221 𝐂𝐌𝐂 = (𝐍𝐎𝐂 − 𝐆T𝐐𝐆𝐆)−𝟏                                                                                                                 (22)      222 

Using the matrix identities, equation (22) yields:      223 

𝐂𝐌𝐂⏟m x m = 𝐂𝐎𝐂⏟m x m + 𝐂𝐎𝐂⏟m x m 𝐆T⏟m x 𝑘2 ( 𝐂𝐆⏟𝑘2 x 𝑘2 − 𝐆⏟𝑘2 x m 𝐂𝐎𝐂⏟m x m 𝐆T⏟m x 𝑘2)−𝟏 𝐆⏟𝑘2 x m 𝐂𝐎𝐂⏟m x m                                  (23) 224 

The estimated vector of the unknowns with respect to the OC solution is: 225 𝐱̂𝐌𝐂 = 𝐂𝐎𝐂𝐮+𝐂𝐎𝐂𝐆T(𝐂𝐆 − 𝐆𝐂𝐎𝐂𝐆T)−𝟏𝐆𝐂𝐎𝐂𝐮                                                                           (24) 226 

Taking into account that 𝐱̂𝐎𝐂 = 𝐂𝐎𝐂𝐮, equation (24) yields:  227 𝐱̂𝐌𝐂 = (𝐈 + 𝐂𝐎𝐂𝐆T(𝐂𝐆 − 𝐆𝐂𝐎𝐂𝐆T)−𝟏𝐆)𝐱̂𝐎𝐂  or  228 
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𝐱̂𝐌𝐂 = 𝐌𝐱̂𝐎𝐂                                                                                                                                          (25) 229 

where 𝐌 = 𝐈 + 𝐂𝐎𝐂𝐆T(𝐂𝐆 − 𝐆𝐂𝐎𝐂𝐆T)−𝟏𝐆. Then the CV matrix of the unknowns is:             230 𝐂𝐌𝐂 = 𝐌𝐂𝐎𝐂𝐌𝐓                                                                                                                                   (26)    231 

We may also note that (23) and (25) transform a unique OC solution to a unique MC 232 

solution. The relation between OC and MC is unique, considering the definition of a 233 

specific MC. The described procedure could be realized using a loosely constrained 234 

solution instead of OC. We note that loose constraints are a special group of OC whose 235 

uncertainty is relatively large.  236 

Finally, we should also refer to the case of transformation among different MCs, 237 

utilizing the so-called S-transformation (Baarda 1973). This kind of transformation is 238 

already extensively discussed in the geodetic literature (Blaha 1971, Teunissen 1985). 239 

The S-transformation is an effective and fast tool for transforming different MC solutions 240 

without inverting large NEQ systems.  241 

 242 

Estimating the a posteriori variance factor for the MC solution 243 

Following the rationale presented before, we have the following relations: 244 φ̂𝐌𝐂 = φ̂𝐎𝐂 + 𝐮T𝐱̂𝐎C − 𝐮T𝐌𝐱̂𝐎C         , giving                       245 φ̂𝐌𝐂 = φ̂𝐎𝐂 + 𝐮T(𝐈 − 𝐌)𝐱̂𝐎C = φ̂𝐎𝐂 + (𝐱̂𝐎C)𝐓𝐂𝐎𝐂(𝐈 − 𝐌)𝐱̂𝐎C                                              (27)                                     246 

and 247 σ̂MC2 = φ̂𝐎𝐂+𝐮T(𝐈−𝐌)𝐱̂𝐎CfOC−k = σ̂OC2 fOC+𝐮T(𝐈−𝐌)𝐱̂𝐎CfOC−k = σ̂OC2 fOC+(𝐱̂𝐎C)𝐓𝐂𝐎𝐂(𝐈−𝐌)𝐱̂𝐎CfOC−k                                  (28)                                                  248 

A summarized description of the transformation between the different constraints 249 

handling is given in Table 1.   250 

 251 

Table 1 Estimated quantities after applying FCT methodology. 252 

Transition MC-->OC OC-->MC 

number of over-

constraints 

k2 k2 
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degrees of 

freedom 

fMC fOC 

over-constraint 

matrix 

G G 

auxiliary matrix 𝐋 = (𝐈 − 𝐂𝐌𝐂𝐆T(𝐂𝐆+ 𝐆𝐂𝐌𝐂𝐆T)−𝟏𝐆) 

𝐌 = (𝐈 + 𝐂𝐎𝐂𝐆T(𝐂𝐆− 𝐆𝐂𝐎𝐂𝐆T)−𝟏𝐆) 

CV matrix of the 

unknowns 

𝐂𝐎𝐂 = 𝐋𝐂𝐌𝐂𝐋𝐓 𝐂𝐌𝐂 = 𝐌𝐂𝐎𝐂𝐌𝐓 

estimated 

parameters 

𝐱̂𝐎𝐂 = 𝐋𝐱̂𝐌𝐂 𝐱̂𝐌𝐂 = 𝐌𝐱̂𝐎𝐂 

optimization 

criterion 

σ̂MC2 fMC + (𝐱̂𝐌C)𝐓𝐂𝐌𝐂(𝐈 − 𝐋)𝐱̂𝐌C σ̂OC2 fOC + (𝐱̂𝐎C)𝐓𝐂𝐎𝐂(𝐈 − 𝐌)𝐱̂𝐎C 

a posteriori 

variance 

σ̂MC2 fMC + (𝐱̂𝐌C)𝐓𝐂𝐌𝐂(𝐈 − 𝐋)𝐱̂𝐌CfMC + k  
σ̂OC2 fOC + (𝐱̂𝐎C)𝐓𝐂𝐎𝐂(𝐈 − 𝐌)𝐱̂𝐎CfOC − k  

 253 

Regional TRFs 254 

The regional TRFs can be considered densifications of a global TRF (Bruyninx et al. 2001, 255 

Soler and Marshall 2003). They are realized mainly by GNSS observations. However, in 256 

the case of regional TRF there is usually no rank deficiency since the orbits of the GNSS 257 

satellites are fixed (Davies and Blewitt 2000) since the estimation of orbits is unreliable 258 

given the limited extent of the network. Nevertheless, the alignment to the ITRF is 259 

necessary since the initial solution of the GNSS networks is not reliable enough (Dach et 260 

al. 2015), due to inherited scale and origin definition problems. Thus, the final solution of 261 

a regional network should be tailored to the ITRF by (a) using direct Helmert 262 

transformation (Blewitt et al. 2013), (b) constraining the regional solution to an ITRF 263 

(Altamimi 2003, Sanchez 2010), or (c) using the MC approach (Altamimi 2003) as 264 

implemented from Legrand and Bruyninx (2009) and Kenyeres et al. (2019).  265 

The FCT could also be applied to the regional GNSS TRF. The final alignment to 266 

ITRF could be done using (8)–(20). The latter treatment could be beneficial for many ACs, 267 

since they will only apply for each daily GNSS solution an inversion of a matrix of 268 

maximum size 7 × 7 (from equations 10 or 23), instead of a much more computationally 269 

complex inversion. The same holds for the regional TRF realizations, which include many 270 
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stations in some cases such as the USA, central Europe, China. For example, suppose one 271 

wants to impose a different set of constraints to align the daily/weekly/final solutions to 272 

a regional or regional TRF. In that case, there is no need to invert a relatively large matrix. 273 

On the other hand, one can apply the FCT for removing the extra constraints, leading to 274 

the original solution derived from the initial GNSS analysis. This procedure resembles the 275 

OC to MC transformation, as previously discussed.  276 

The alternative approach, FCT, could stand as a beneficial solution for regional ACs 277 

or national agencies in the case of limited computational resources. Thus, a regional or 278 

regional daily or weekly densification could be easily achieved, e.g., of an ITRF or a 279 

regional TRF. 280 

 281 

Classical approach versus FCT 282 

Thus far, if one needs to apply another type or set of constraints, one should use the NEQs 283 

exclusively to provide a solution. The most common output of a SINEX file is the CV matrix 284 

of the estimated parameters. For changing the constraints, the following well-known 285 

algorithm, the classical approach, should be followed: 286 

 287 

1. Inversion of the CV matrix to compute the constrained solution 288 

2. Removal of the constraints 289 

3. Construction of the Helmert matrix of the OC/MC 290 

4. Imposing new types of constraints 291 

5. Solution of the new NEQ system 292 

 293 

FCT requires the construction of a Helmert matrix of the OC and then the direct 294 

implementation of the relations described above. So, the procedure reads as follows: 295 

 296 

1. Construction of the Helmert matrix of the OC/MC  297 

2. Inversion of a relatively small matrix and multiplications 298 
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 299 

Table 2 summarizes the characteristics between the classical approach and the 300 

FCT for the cases of the transformation between MC and OC and vice versa and among 301 

different MC, respectively. In the later section, we present the computation load 302 

differences due to the complexity differences between these two classical and the FCT 303 

approaches using simulated and real SINEX products.  304 

 305 

Table 2 Characteristics of the classical approach and the FCT implementation for the 306 

transformation between MC to OC and vice versa, also for the regional network cases. The 307 

following symbols are used with respect to the computational effort: !: significant 308 

computational effort, ● : less computational effort 309 

 310 

Case 
Classical 

approach 
FCT 

Computational 

steps: classical 

approach 

Computational 

steps: FCT 

Transformation from an 

MC to one or more OC 
! ● 5 2 

Transformation from the 

OC to the original MC 
! ● 5 2 

Transformation from the 

loosely constrained 

solution to the original MC 

! ● 5 2 

Handling constraint 

solutions for Regional 

GNSS networks  

! ● 5 2 

A posteriori variance 

factor 
! ● 5 2 

 311 

Regarding the FCT we should underline the following feature. When a SINEX file 312 

contains an OC solution, in most cases, it refers to coordinates and velocities constraints 313 

for selected sites of the network rather than explicit Helmert transformation parameters, 314 
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in contrast to the concept of this study. A specific block inside the SINEX file indicates the 315 

constrained sites. This fact ought to be taken into account since the FCT cannot be applied 316 

when the constraints are imposed, as previously mentioned (constrained sites). Thus, the 317 

SINEX used for the FCT must contain explicit Helmert-type constraints as a priori 318 

information.  319 

 320 

Numerical Tests 321 

In this section, we deal with the implementation of the FCT described previously. We will 322 

exploit all the necessary mathematical formulas analyzed before to transform the 323 

constraints. 324 

 325 

The SIRGAS network 326 

We test the FCT of constraints transformation through an arbitrarily selected weekly 327 

solution of the regional TRF of South America, the SIRGAS (Sanchez et al. 2010). We 328 

choose the weekly solution including the day of year (DOY) 134-140, 2012 329 

(ftp://ftp.sirgas.org/pub/gps/SIRGAS/1688/, SINEX file; SIR16887.SNX) The weekly 330 

solution of SIRGAS SINEX file is estimated with loose constraints. Figure 1 depicts the 331 

SIRGAS stations included in the weekly solution.  332 

 333 

ftp://ftp.sirgas.org/pub/gps/SIRGAS/1688/
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 334 

Fig. 1  SIRGAS network consists of 203 stations. The red triangles are 15 fiducial stations; 335 

their coordinates participate in the no-net conditions. Blue dots are non-fiducial sites. 336 

 337 

From the initial network to OC 338 

We first invert the CV matrix to recover the NEQ matrix. Then we remove the loose 339 

constraints (Seitz et al. 2012, Rebischung et al. 2016), which are explicitly given in the 340 

SINEX file. After removing the loose constraints, we apply the NNT and NNR conditions 341 

and solve the NEQ systems, as the classical approach dictates (Rossikopoulos 1999). On 342 

the other hand, we proceed with the FCT using the CV after removing the loose 343 

constraints and the estimation vector x.  344 

 345 

From OC to MC 346 

For this kind of test, we expand the NEQ system of the initial solution after the removal 347 

of the loose constraints in terms of three translations (Kotsakis and Chatzinikos 2017). 348 
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This expansion leads to a rank deficiency of 3. Then, we solve the singular NEQ system 349 

imposing NNT and NNR conditions, resulting in an OC solution.  350 

Similar to the previous case study, we remove the NNR conditions from the OC 351 

NEQ for the classical approach solution. For the FCT, we use the estimation vector and 352 

the CV matrix obtained directly from the OC, transformed to MC.    353 

Figure 3 confirms that the FCT proposed herein provides identical results to the 354 

classical approach. The presented deviations between these two approaches are at the 355 

numerical truncation error level and can be ignored.  356 

 357 

Global IGS network of 1053 stations 358 

The second test is realized through a daily GNSS network (IGS repro3) for GPS week 1930, 359 

day 0, obtained from https://cddis.nasa.gov/archive/gnss/products/repro3/1930/.. 360 

The combined daily SINEX refers to an MC solution. We compare the classical and the 361 

FCT, respectively, by implementing NNT and NNR. Both OCs weights are 0.1 mm. Figure 362 

2 depicts the IGS network, while Figure 3 summarizes and visualizes the differences 363 

between the classical approach and the FCT applied in SIRGAS and IGS Repro3 networks, 364 

respectively. The results are practically identical since the differences between the 365 

classical approach and the FCT are at the level of 10-13 mm.  366 

 367 

 368 

https://cddis.nasa.gov/archive/gnss/products/repro3/1930/
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 369 

Fig 2 IGS REPRO3 network consists of 1053 stations. The red triangles are 48 fiducial 370 

stations for NNT and NNR conditions, and blue dots are the non-fiducial stations 371 

 372 

 373 

Fig.  3: Differences of the coordinates between the estimations from the classical 374 

approach and from Fast Constrain Transformation (FCT). The values are in the unit of 375 

mm and shifted with +1 × 10−11 mm for validation of MC to OC in SIRGAS network, the 376 

residual in IGS REPRO3 network is shifted with −1 × 10−11 mm for better visualization. 377 

The correction vector refers to the x vector is described in equation 1.   378 

 379 

Comparison of Computational Complexity  380 

We designed a simulation study to demonstrate the computation effort in the classical 381 

approach and FCT with a CV matrix, 𝐂~𝒩(𝜇 = 0, 𝜎2 = 4.10−6) + 10−7𝐈 , which is 382 

consisted of a random symmetric matrix filled with normal distribution. The purpose of 383 

the identity matrix is to avoid singularity because the full rank is not guaranteed in the 384 

generation of the random value. The correction term follows 𝐱~𝒩(0, 0.022). The fiducial 385 
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sites are chosen arbitral with every third station. Then we repeat the validation of MC to 386 

OC presented above, but here we compare the computation time taken from classical and 387 

FCT for network sizes from 100 to 5 000 stations.  388 

The simulation study is designed in MATLAB2020b. All matrix inversions call the 389 “inv” function. Since the simulation is focusing on the ratio between two approaches, as 390 

long as the inversion methods are consistent between the comparisons, addressing the 391 

efficiency of the inversion script would be beyond the scope of this study. The simulation 392 

is performed in RedHat 8 installed in a WMware environment equipped with an Intel(R) 393 

Xeon(R) Gold 6140M CPU. This CPU is running with sequential computation on a single 394 

CPU core in comparison simulation to avoid influences from parallelization.   395 

The number of stations in the network increases by 100 up to 1 000; then the 396 

increasing step is 1000. The values presented in Figure 4 are obtained from averaging 397 

computation time from ten repeated computations. Besides the simulations, the 398 

measured computation time, obtained from the SINEX data, is also visualized in Figure 4, 399 

including the SIRGAS and IGS network, previously described. We also included another 400 

set of computations based on measuring the computation time of these two approaches 401 

with another IGS network (igs20P21251_all.snx), including 636 stations, from 402 

https://cddis.nasa.gov/archive/gnss/products/2125/. As the algorithm is already 403 

validated with a small and a large network, we do not present the validation with this 404 

solution, but the computation effort for transferring constraints is worth demonstrating 405 

here. 406 

We choose the simulation of up to 5 000 stations to give a conclusive discussion 407 

within a reasonable computation time. Considering the increasing number of stations, 408 

and there will definitely be even more in the future, the discussion on the computation 409 

effort is necessary and practical for large networks.  410 

 411 

https://cddis.nasa.gov/archive/gnss/products/2125/
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 412 

 413 

Fig. 4 Computation times for transforming the constraints in the classical and FCT 414 

method in logarithmic scale (total time elapsed for the estimation of the Least Squares 415 

solution vector x for the classical approach and FCT, respectively).  The markers are 416 

computation time taken from the SINEX files, with their network labels written on top of 417 

those markers. The right axis presents the ratio between the computation times from two 418 

approaches, with a linear scale in blue color. 419 

We can see important clues regarding the computational efficiency of the FCT 420 

method. First, the computation effort of the alternative approach increases slowly with 421 

respect to the number of stations. On the other hand, the computational time increases 422 

significantly for the classical approach. For the case of the IGS Repro3 network, which 423 

consists of 1053 stations, the alternative approach needs only about 1/30 of the 424 

computation time. In a large network, the alternative approach saves significant 425 

computational effort. For the simulated network consisting of 5000 stations, the ratio 426 

between classical and alternative approaches, respectively, exceeds 140. 427 

 Figure 4 gives the sense of the trend between the computational ratios of the 428 

approaches. The fast approach shows a crucial advantage of significantly reduced 429 

computation time for a global network of thousands of stations. 430 

 431 



19 

 

Conclusions  432 

This study demonstrates a new FCT method for an easier and less computationally 433 

complex transformation between MC and OC solutions for global or regional TRFs. The 434 

FCT has the crucial advantage of the inversion of a relatively small matrix (maximum size 435 

of 14 × 14) instead of the inversion of large NEQ systems that involve matrices whose 436 

order is the thousands. The FCT is applicable to the solution level given the estimated 437 

parameters and their CV matrix and is tailored to exploit the information already 438 

available in SINEX files. We give all the necessary mathematical formulations for the 439 

transition of the estimated quantities for both cases, i.e.,  MC to OC and OC to MC.  440 

 The results of the FCT are compared with those of the classical approach (de-441 

constraining and NEQ re-constructing). We have tested the FCT to a) SIRGAS (regional) 442 

network and b) large global IGS networks. It is proven that the two approaches yield 443 

identical results. In addition, we found significant improvement in the FCT computation 444 

efficiency, which can be significantly decreased (about 1/30) for the cases of a large 445 

global network, including thousands of stations. According to our simulation, FCT needs 446 

only 1/140 of the computation time when applied to the network of 5000 stations. 447 

 FCT method could serve as a beneficial procedure to many TRF-related 448 

applications, including but not limited to: 449 

• Applying an OC solution to the case of GNSS 450 

• Transforming an OC solution to MC 451 

• Re-computation of a specified MC-solution from OC or loosely-constrained solution. 452 

• For global networks with a large number of stations the FCT significantly reduces 453 

the computation effort. 454 

• For the cases of regional TRFs the methodology shows significant advantages since 455 

the final product can be considered an OC solution (defining a stable TRF).  456 

• Again, FCT could be applied for regional networks removing the imposed constraints 457 

and deriving the initial GNSS network (TRF fixed to the orbits).  458 

 459 

Acknowledgments  460 



20 

 

We thank the IGS and SIRGAS for providing their networks solution in SINEX format, 461 

Dimitrios Psychas (TU Delft) for his fruitful comments and thoughts, and two anonymous 462 

reviewers for their valuable comments and suggestions. Kyriakos Balidakis is funded by 463 

the Deutsche Forschungsgemeinschaft (DFG, German Research Foundation) – Project-ID 464 

434617780 – SFB 1464.  Alexandros Tsimerikas helped with the time-related 465 

comparisons.   466 

 467 

Data availability 468 

a. SIRGAS: ftp://ftp.sirgas.org/pub/gps/SIRGAS/ 469 

b. IGS repro3: https://cddis.nasa.gov/archive/gnss/products/repro3/ 470 

operational IGS combined solution: https://cddis.nasa.gov/archive/gnss/products/ 471 

The simulation dataset and corresponding software are published at the GitHub page: 472 

https://github.com/drlwang/falcons.  473 

 474 

 475 

References 476 

Altamimi Z (2003) Discussion on How to Express a Regional GPS Solution in the ITRF. In: 477 EUREF Publication No. 12. Verlag des Bundesamtes für Kartographie und Geodäsie, 478 

Frankfurt am Main, pp 162–167 479 Altamimi Z, Collilieux X, Métivier L (2011) ITRF2008: an improved solution of the 480 

international terrestrial reference frame. J Geodesy 85(8):457–473. 481 

https://doi.org/10.1007/s00190-011-0444-4 482 

Altamimi Z, Dermanis A (2012) The Choice of Reference System in ITRF Formulation. In: 483 Sneeuw N, Novák P, Crespi M, Sansò F (eds) VII Hotine-Marussi Symposium on 484 

Mathematical Geodesy. Springer Berlin Heidelberg, Berlin, Heidelberg, pp 329–334 485 

Altamimi Z, Rebischung P, Métivier L, Collilieux X (2016) ITRF2014: A new release of the 486 

International Terrestrial Reference Frame modeling nonlinear station motions: 487 

ITRF2014. J Geophys  Res 121(8):6109–6131. https://doi.org/10.1002/2016JB013098 488 

https://doi.org/10.1007/s00190-011-0444-4
https://doi.org/10.1002/2016JB013098


21 

 

Altamimi Z, Sillard P, Boucher C (2002) ITRF2000: A new release of the International 489 

Terrestrial Reference Frame for earth science applications. J Geophys  Res 107(B10):ETG 490 

2-1-ETG 2-19. https://doi.org/10.1029/2001JB000561 491 Angermann D, Seemüller W, Drewes H, Gerstl M, Krügel M, Meisel B, Müller H (2004) ITRS 492 

Combination Centre at DGFI. In: IERS Annual Report 2003, Nr.  313. Deutsche 493 Geodätische  Kommission, Munich, pp 91–96 494 

Baarda W (1973) S-transformations and criterion matrices. Netherlands geodetic 495 

commission 5(1) Delft 496 

Bjerhammar A (1951) Application of calculus of matrices to method of least squares: with 497 

special reference to geodetic calculations. Trans Roy Inst Technol Stockholm 498 

Blaha G (1971) Inner Adjustment Constraints with Emphasis on Range Observations. 499 

Department of Geodetic Science, Report No. 148, The Ohio State University, Columbus. 500 

Blewitt G (1998) GPS Data Processing Methodology: from Theory to Applications. In: 501 

Teunissen PJG, Kleusberg A (eds) GPS for Geodesy. Springer Berlin Heidelberg, Berlin, 502 

Heidelberg, pp 231–270 503 

Blewitt G (2015) Terrestrial Reference Frame Requirements for Studies of Geodynamics 504 

and Climate Change. In: van Dam T (ed) REFAG 2014. Springer International Publishing, 505 

Cham, pp 209–216 506 

Blewitt G, Bock Y, Kouba J (1994) Constructing the IGS polyhedron by distributed 507 

processing. In: Zumberge J (ed) Proceedings of the IGS Analysis Center Workshop on the 508 

ITRF Densification. IGS Central Bureau, Pasadena, Calif, USA, pp 21–36 509 

Blewitt G, Kreemer C, Hammond WC, Goldfarb JM (2013) Terrestrial reference frame 510 

NA12 for crustal deformation studies in North America. J Geodynamics 72:11–24. 511 

https://doi.org/10.1016/j.jog.2013.08.004 512 

Bosy J (2014) Global, Regional and National Geodetic Reference Frames for Geodesy and 513 

Geodynamics. Pure Appl Geophys 171(6):783–808. https://doi.org/10.1007/s00024-514 

013-0676-8 515 

Brockmann E (1997) Combination of solutions for geodetic and geodynamic applications 516 

of the Global Positioning System (GPS). Geod-Geophys Arb Schweiz 55 517 

https://doi.org/10.1029/2001JB000561
https://doi.org/10.1016/j.jog.2013.08.004
https://doi.org/10.1007/s00024-013-0676-8
https://doi.org/10.1007/s00024-013-0676-8


22 

 

Bruyninx C, Becker M, Stangl G (2001) Regional densification of the IGS in europe using 518 

the EUREF permanent GPS network (EPN). Physics and Chemistry of the Earth, Part A: 519 

Solid Earth and Geodesy 26(6–8):531–538. https://doi.org/10.1016/S1464-520 

1895(01)00096-5 521 

Collilieux X, et al. (2014) External Evaluation of the Terrestrial Reference Frame: Report 522 

of the Task Force of the IAG Sub-commission 1.2. In: Rizos C, Willis P (eds) Earth on the 523 

Edge: Science for a Sustainable Planet. Springer Berlin Heidelberg, Berlin, Heidelberg, pp 524 

197–202 525 

Crespi M, Mazzoni A, Colosimo G (2015) Global and local reference frames. Rend Fis Acc 526 

Lincei 26(S1):25–31. https://doi.org/10.1007/s12210-015-0435-0 527 

Dach R, Lutz S, Walser P, Fridez P (eds) (2015) Bernese GNSS software version 5.2: user 528 

manual. University of Bern, Bern Open Publishing, Bern 529 

Davies P, Blewitt G (2000) Methodology for global geodetic time series estimation: A new 530 

tool for geodynamics. J Geophys Res 105(B5):11083–11100. 531 

https://doi.org/10.1029/2000JB900004 532 

Dermanis A (1987) Adjustment of observations and estimation theory. Ziti, Thesalloniki, 533 

Greece II 534 

Heflin M, et al. (1992) Global geodesy using GPS without fiducial sites. Geophys Res Lett 535 

19(2):131–134. https://doi.org/10.1029/91GL02933 536 

Kenyeres A, et al. (2019) Regional integration of long-term national dense GNSS network 537 

solutions. GPS Solut 23(4):122. https://doi.org/10.1007/s10291-019-0902-7 538 

Koch K-R (1999) Parameter estimation and hypothesis testing in linear models, 2nd edn. 539 

Springer, Berlin, Heidelberg 540 

Kotsakis C (2012) Reference frame stability and nonlinear distortion in minimum-541 

constrained network adjustment. J Geodesy 86(9):755–774. 542 

https://doi.org/10.1007/s00190-012-0555-6 543 

Kotsakis C (2013) Generalized inner constraints for geodetic network densification 544 

problems. J Geodesy 87(7):661–673. https://doi.org/10.1007/s00190-013-0637-0 545 

https://doi.org/10.1016/S1464-1895(01)00096-5
https://doi.org/10.1016/S1464-1895(01)00096-5
https://doi.org/10.1007/s12210-015-0435-0
https://doi.org/10.1029/2000JB900004
https://doi.org/10.1029/91GL02933
https://doi.org/10.1007/s10291-019-0902-7
https://doi.org/10.1007/s00190-012-0555-6
https://doi.org/10.1007/s00190-013-0637-0


23 

 

Kotsakis C, Chatzinikos M (2017) Rank defect analysis and the realization of proper 546 

singularity in normal equations of geodetic networks. J Geodesy 91(6):627–652. 547 

https://doi.org/10.1007/s00190-016-0989-3 548 

Legrand J, Bruyninx C (2009) EPN reference frame alignment: consistency of the station 549 

positions. Bulletin of Geodesy and Geomatics 68(1):19–34 550 

Leick A, Rapoport L, Tatarnikov D (2015) GPS satellite surveying, fourth edition. Wiley, 551 

Hoboken, New Jersey 552 

Leick A, Vangelder BH (1975) On similarity transformation and geodetic network 553 

distortions based on Doppler satellite observations. Department of Geodetic Science, The 554 

Ohio State University, Columbus 555 

Pope AJ (1971) Transformation of covariance matrices due to changes in minimal control. 556 

In: Paper presented at the AGU Fall Meeting. San Fransisco, CA, p 820 557 

Rebischung P, Altamimi Z, Ray J, Garayt B (2016) The IGS contribution to ITRF2014. J 558 

Geodesy 90(7):611–630. https://doi.org/10.1007/s00190-016-0897-6 559 

Rossikopoulos D. (1999). Surveying Networks and Computations (2nd edition). Ziti 560 

Publications, Thessaloniki, Greece (in Greek). 561 Sánchez L, Brunini C, Mackern V, Martinez W, Luz R (2011) SIRGAS: the geocentric 562 

reference frame of the Americas. In: Proceedings of the International Symposium on 563 

Global Navigation Satellite Systems. Brussels, Belgium. November 29-30, pp 21–25 564 Seitz M, Angermann D, Bloßfeld M, Drewes H, Gerstl M (2012) The 2008 DGFI realization 565 

of the ITRS: DTRF2008. J Geodesy 86(12):1097–1123. https://doi.org/10.1007/s00190-566 

012-0567-2 567 

Sillard P, Boucher C (2001) A review of algebraic constraints in terrestrial reference 568 

frame datum definition. J Geodesy 75(2–3):63–73. 569 

https://doi.org/10.1007/s001900100166 570 

Soler T, Marshall J (2003) A note on frame transformations with applications to geodetic 571 

datums. GPS Solut 7(1):23–32. https://doi.org/10.1007/s10291-003-0044-8 572 

Teunissen P (1985) Zero Order Design: Generalized Inverses, Adjustment, the Datum 573 

Problem and S-Transformations. In: Grafarend EW, Sansò F (eds) Optimization and 574 

Design of Geodetic Networks. Springer Berlin Heidelberg, Berlin, Heidelberg, pp 11–55 575 

https://doi.org/10.1007/s00190-016-0989-3
https://doi.org/10.1007/s00190-016-0897-6
https://doi.org/10.1007/s00190-012-0567-2
https://doi.org/10.1007/s00190-012-0567-2
https://doi.org/10.1007/s001900100166
https://doi.org/10.1007/s10291-003-0044-8


24 

 

Wu X, Abbondanza C, Altamimi Z, Chin TM, Collilieux X, Gross RS, Heflin MB, Jiang Y, 576 

Parker JW (2015) KALREF-A Kalman filter and time series approach to the International 577 

Terrestrial Reference Frame realization. J Geophys Res Solid Earth 120(5):3775–3802. 578 

https://doi.org/10.1002/2014JB011622 579 

 580 

Author Biographies 581 

Dimitrios Ampatzidis received his Ph.D. in reference frames realization from the 582 

Aristotle University of Thessaloniki and he is Assistant Professor at the International 583 

Hellenic University, Department of Surveying and Geoinformatics Engineers. His main 584 

scientific fields are space techniques simulations, datum definitions, accuracies of the 585 

space techniques and local ties, GNSS and SLR analysis, theory of reference frames, 586 

surveying, DEM assessment, Least Squares Adjustment. 587 

 588 

Lin Wang is a Geodesist, received his Ph.D. degree in 2016 from the University of 589 

Luxembourg. He is currently a research scientist in G1 "General Issues, Combination of 590 

space Techniques" at BKG, Germany. His research interests are surface loading 591 

displacements, reference frames, earth rotation, and applications. 592 

 593 

Antonios Mouratidis was a PhD student at Ecole Normale Superieure (ENS) and EO 594 

specialist at the European Space Agency (ESA). He is a Rural & Surveying Engineer and a 595 

Geologist, focusing on geospatial education and applications. He is currently Assistant 596 

Professor and Head of the Department of Physical & Environmental Geography, Aristotle 597 

University of Thessaloniki. 598 

 599 

Kyriakos Balidakis is a geodesist. Kyriakos currently develops weather-dependent 600 

models for space geodesy at the GFZ section Earth System Modeling. He received his Ph.D. 601 

in 2019 from the Technische Universität Berlin. His research interests are transient mass 602 

redistribution within the earth’s fluid envelope, atmospheric refraction for microwaves 603 

and lasers, very long baseline interferometry, and multi-technique combinations.   604 

https://doi.org/10.1002/2014JB011622



