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1 INTRODUCTION

A limited numberof numericalsolutionsof the three-dimensional3D) direct current(DC) resistvity
problemhave beendiscussedh thegeophysicaliterature . Thesesolutionshave beenobtainedusinginte-
gralequationfinite differenceor finite elementechniquesT heintegral equatiormethods mostefficient
for modelingoneor a few inhomogeneoubodiesin a homogeneousgarth.Finite difference(FD) and
finite elemen{FE) methodsarebettersuitedto modelary arbitrarily complex 3D earth.Dey & Morrison
(1979)developeda 3D finite-differencealgorithmto evaluatethe potentialfor apointcurrentsource The
equationof continuityis integratedover elementalkolumesto obtaina systemof self-adjointdifference
equationsA mixedboundaryconditionwasintroducedbasedn the asymptotichehaior of the poten-
tial field in a homogeneoumedium.Spitzer(1995)reporteda FD algorithm using conjugategradient
methodsA compactstorageschemeavasemployed, which reducedhe numberof memory-residento-
efficients and shortenedhe run time by avoiding unnecessargomputationabperationsLowry et al.
(1989) proposeda 3D integratedfinite differenceschemeusing a singularity removal technique.This
methodactuallymodelsthe anomalougpotentialwhichis dueto conductvity contrastsTheanomalous
potentialis smootherthanthe total potential ,therefore the solutionis generallymore exact. Two mod-
ifications of the finite differencemethodwererecentlymadeby Zhao & Yedlin (1996). The first is a
moreaccuratdormulafor the sourcesingularityremoval. The seconds the analyticcomputatiorof the
sourcetermsthatarisefrom the decompositiorof the potentialinto the primaryandsecondaryotential.
Spitzeretal. (1999)presente@ 3D DC andinducedpolarization(IP) finite differencecode which offers
grid-independentlectrodepositioninganddetachedothtransmitterandreceversfrom grid nodesThe
discussiorof the finite elementmethodis a bit more sparseperhapshecausdinite elementsare more
compl to implementthanfinite differences.The applicationof the finite elementmethodto the 2D
resistivity problemwasdiscussedby Coggon(1971).A finite elementsolutionto the 3D resistvity prob-
lemwasreportecby Pridmoreetal. (1981).Sasaki(1994)developeda 3D resistvity inversionalgorithm
usingthefinite elemenimethod RecentlyZhou& Greenhalghf2001)publishedafinite elementolution
to the3D DC problem.Themixedboundaryconditionanda compacstorageschemevereincorporated.
However, they solvedthe governingequationof thetotal potential.

In this paper we revisited 3D FE resistvity modeling,but with the useof the singularityremoval. Fur-
thermore,a modified methodof singularityremoval is presentedFirst the theoreticalbasisof our FE
solutionfor the secondarypotentialis developed.After that, the FE and FD schemesre comparedn
termsof accurag andmemoryrequirementsFinally, the effect of singularityremoval is illustratedby
threeexamples:a dike model,a cubeburied in a two-layeredearthand a cubeburied neara vertical
contact.

2 THE BOUNDARY VALUE PROBLEM

We assume 3D conductvity modelo(x, Y, z) in aCartesiarsystermof coordinategx,y, z) with zpositive
downwards.Thecurrentsourcd is locatedata point (Xq, Y, Zg). Thegoverningequatiorof theelectrical
potentialv(x,y, z) is

g- (G(Xa Y Z) DV(X, Ys Z)) =—I 5(X_ Xq)5(y— Yq)5(z_ Zq)a 1)

whered is the Dirac deltafunction.

Numericalapproximationausing equation(1) typically give poor resultsin the vicinity of the source
locationsbecauseof steepgradientsaroundthe source.A betterapproachis to remove the effect of

the singularpotentialcausedy the source Accordingto a singularityremoval procedureproposedoy

Lowry et al. (1989),the potentialin equation(1) is split into the primary potentialv, causedby the

currentsourcein a uniform half-spacewith the conductvity g, andthe secondanpotentialv, caused
by the inhomogeneityof the conductvity with the anomalousonductity oa(x,y,z) = 0(X,Y,2) — Op,

giving

V(Xa Y, Z) = Vn(Xa Y, Z) + Va(Xa Y, Z)' (2)
The primary potentialv, satisfieghe partialdifferentialequation
0+ (0n(%,¥,2)0vn(%,¥,2)) = —16(X— %) 6(Y — ¥q) 6(2— 2g). ®3)
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In the caseof a uniform half-spacethe solutionof eq.(3) is

[
- 21onr]

(4)

Vn

if the currentsourceis on the groundsurfaceandr = /(x—xq)? + (Y — yq)? + Z° is the distanceto the
source Herea, is definedasthe conductwity of the mediaatthe sourcepoint (Zhao& Yedlin, 1996).

With the abore procedurethe singularity canbe remaoved completelyin the vicinity of the sourcelo-
cation.If thebackgrounds auniform half-spacethenumericalresultsarevery satistctoryin thewhole
modeldomain.However, if the backgrounds a horizontallylayeredearthor a vertical contact,the nu-
merical resultscan be distortednearmodel boundariesThus, we make a refinementuponthe above
describednethod We assumehatthe primary potentialis causedy the currentsourcein ahorizontally
layeredearthor in two quarterspacesThe potentialof a vertical contactcanbe treatedeasily by the
methodof images.The potentialof a horizontallylayeredearthis givenin Li & Spitzer(2001).

Substitutingegs.(2) and(3) into (1), givesthedifferentialequationfor the secondanpotential

D : (O-(Xa ya Z) DVa(Xa y7 Z)) + D ' (O-a(xaya Z) DVn(Xa y’ Z)) = 0 (5)

In orderto solve eq.(5), the boundaryconditionsmustbe defined.On the boundarie®f the body with
differentconductvities, thetotal potential(v) andthe normalcomponenbf current(j, = cdv/dn) must
be continuouswheren is theoutwardnormaldirectionof theboundaryinterface.lt caneasilybederived
thatthe secondanypotentialv, and 0dva/dn+ 0,0vn/dn mustalsobe continuousat suchboundaries.
Sincethereis no currentflow throughthe air-earthinterface(I's), wherel" denoteghe boundaryof the
wholemodeldomainandlg € ', we have

A OVay

an an
Onthe otherdomainboundariegl ., € I'), the mixed boundarycondition(Dey & Morrison,1979)may
beapplied:

0 on T (6)

Ovp  cogr,n) Ova | cogr,n)
oan on r

wherer denoteghe radial distancefrom the sourcelocationto the boundaryandn the outward normal
directionattheboundarysurface.

Vn == O’ Va == 0 on roo, (7)

For arbitrarily shaped3D structuresthe abase boundaryvalue problemhasto be solved numerically
for example,usingthe FE or FD method.In thefollowing sectionwe derive the FE formulation.For the
FD formulationwe referto the differentapproacheby Dey & Morrison(1979),Zhangetal. (1995)and
Spitzer(1995).Find a comparisorof theseFD formulationsin SpitzerandWurmstich(1999).

3 FORMULATIONS OF THE FINITE ELEMENT EQUATIONS

TheFE approximatiorof thegoverningequation(5) is performedon amodelvolumeQ thatentirelyem-

braceghevolumeof the 3D inhomogeneitiesandextendsfar enoughin all directionsfor theanomalous
potentialto fadeout to suficient smallneson the boundaryof Q. Here,the variationalmethodis used
to derive the FE equationsHowever, the Galerkinmethodgivesexactly the sameequationsAccording

to the variationalprinciple, the true solution of a differentialequationgivesa stationaryvalueto some
functional. The functionalcanbe formed by usingthe minimumtheorem(Pridmoreet al., 1981).The

minimumtheoremprovidesthe correspondindunctionalto eqgs.(5) ~ (7) as

Fva) = /gz[a(Dva)z)+20aDvn-Dva]dQ

+ [a&vﬁ + ZUaWana] dr. (8)
Mo

ThemodelvolumeQ is subdvidedinto hexahedraklementsandtheintegralsof eq.(8) thusdecompose
into integralsfor eachelementjn which the conductity is constantlt reads

Flva) = nzl/g U(Dva)de-l-Z/r awvgdr
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/ Oalvy - OvadQ + Z/ Codr n nVadr] ) (9)

whereQ. denoteshevolumeof aparticularelementandr ¢ thesurfaceelemenbnl .. ng isthenumber
of hexahedralelements.

We assumeéhatin eachhexahedrakelementhe primaryandsecondanpotentialsarelinearfunctionsof
the Cartesiarcoordinates, y andz. Thenthey canbeapproximatedy

Vp = ZlNI nis Vg = ZNI ais (10)

wherev,; andv, ; arethe primary potentialandthe secondaryotentialatthecornerpointi, i = 1,---,8,
in theglobalcoordlnatesN arethelinearshapdunctionsdefinedby Li (2000)andread
1 :
Ni:§(1+Eif)(1+’7i’7)(1+ziz) (i=1,---,8), (11)
whereé;, n; und{; arethecoordinate®f thecornerpointi, i = 1,---,8, in thelocal coordinates.

It is possibleto transformthe global coordinates{x, Y, 2) to correspondindocal coordinategé, n, {) by

E=20-x), =), {=(-2) (12

wherex., Y. andz; arethe coordinate®f the centerof the hexahedrakelementa, b andc arethe length,
width and height of the hexahedralelement.This transformationis a major stepin the finite element
methodwhich simplifiesthe evaluationof theintegralsof eq.(9). Now thevolumeintegralsin (9) canbe
analyticallyevaluatedn thelocal coordinatesisingegs.(10) ~ (12).

Similarly, the surfaceintegralsin (9) can be evaluatedanalytically Note that herev,, and v, are de-
terminedby linearinterpolationof the potentialsat four nodesof arectangulaelement.

Summingup the integralsover all the elementsaandassemblinghe elementmatrix to a systemmatrix,
resultsin thefollowing approximatiorfor thefunctionalF (va):

whereK is thetotal systemmatrix, v; is the vectorof the unknavn valuesof the secondaryotentialsin
all nodalpoints,and p is the knowvn vectorobtainedby the lasttwo termsof the right-handsideof eq.
9).

Thefirst variationof the functionalwith respecto v, is

OF (Va) = 26V KV + 28V, p. (14)

Thefunctionalis minimizedby settingthefirst variationof the functionalto zero,this finally resultsin
thefinite elementequation

Kva = —p, (15)

wherethe systemmatrix K is symmetricand sparselyoccupiedby non-zeroelementsThis systemof
linear equationds solved numericallyusing a conjugategradientmethod(Hestenest Stiefel, 1952),
which providestheanomalougpotentialat all nodalpoints.Thetotal potentialis thenobtainedby adding
theanomalougpotentialto the normalpotential.

4 COMPARISONS OF THE FE AND FD SCHEMES

TheFE andFD techniguesackleaboundaryalueproblemusingvery differentprinciples. Whereaghe
FD formulationdirectly transfergnfinitesimalanalyticalexpressionf the underlyingpartial differen-
tial equationdnto finite terms,the FE methodis basedon the variationalprinciple or the methodof the
weightedresidualsGenerallyresearciocuseson eitherFE or FD. However, to our knowledge,it is still
ratherunclearwherethe particularadvantagesf eachmethodareif it comesto numericalimplementa-
tion. Thereforejn this sectionwe compareheherepresentedrE approachandanadequaté-D scheme
by Spitzeretal. (1999)in termsof accurag andmemoryrequirementsThe FD schemewasoriginally
outlinedin Spitzer(1995)andusesaformulationthatgoesbhackto Brewitt-Taylor & Weaver (1976),but
is comparabldo Dey & Morrison’s approach{1979)(seeSpitzer& Wurmstich,1999).
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Fig. 1 A verticaldike model.
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Fig. 2 Apparentresistvity (top) anddeviation curve (bottom)of a Schlumbeger
soundingperpendiculato thedike in fig. 1 (alongy-axis).
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Fig. 3 Discretizatiorerrorsof the FE andFD schemausinga coarsagrid (a) anc
afine grid (b) for the modelof thefigure 1.
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Fig. 4 Appaentresistvity of a pole-poleconfigurationfor alarge conductvity
contrastof 10* for the dike modelin fig. 1. After refiningthe grid, the FE solution
becomesaccurateagain,whereathe FD solutionremainsunstable.
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4.1 Accuracy

Theaccurag of theFE andFD schemes comparedor thedike model(Fig. 1). Schlumbegersoundings
are carriedout over the structure.The two currentsourcesarelocatedat (Om,+1m,0m). The apparent
resistvity is calculatedexploiting the principle of reciprocity i.e., currentand potentialelectrodesare
interchangedThus,thewhole Schlumbegersoundingcurwe is obtainedby performingonly oneforward
modeling.

The samegrid with 73 x 89 x 35 nodesis usedfor the FE and FD modeling. The modelingdomain
boundariesare locatedat +5500m in x- andy-directionand5500m in zdirection. The modelis more
finely discretizednearto the conductvity contrast.Fig. 2 shavs the computedFE and FD resultsof
a Schlumbeger configurationfor a profile perpendiculato the dike (alongthe y-axis). The analytical
solutioncomputedby an analyticaldike-program(Hanstein,pers.communications)s alsoshavn for
comparisonln generalpothalgorithmsprovide very accuratgesultsatall nodesHowever, thesignature
of the error distribution is differentfor eachmethod.Maximum errorsbetween).20 and0.40 per cent
occurat AB/2 = 19 ~ 42m for thefinite differencesolution,whereador the FE solutionthe maximum
erroris betweermAB/2 = 32 ~ 120m. We will discusghesefurtherbelow.

4.2 Discussionof discretization errors

To investigatethe causesof the discretizationerrorsto occur at different placesfor the FE and FD
solution,we performfurthernumericaltestsusingthedike modelagain.An irregulargrid with 59 x 59 x
30 nodesis first usedandthe boundariesare at a distanceof 5500m in eachdirection. The potentialof
a pole-poleconfigurationis calculatechumericallyusingthe FE andFD schemerespectiely. A single
currentsourceis locatedat the origin of the coordinatesystem.Fig. 3a shavs the relative deviations
for a profile perpendiculato the dike. Again the error maximaare spatially separatedor the FE and
FD solutions.If the modeldiscretizationis refinedaty = 15 ~ 425m, the accurag of the FE scheme
is improved considerablyyielding a relative error lessthan 0.11 per centover the whole range(Fig.
3b). However, the maximumof the errorfor the FD schemeaemains althoughthe amplitudeis reduced
somavhat. Thesemodeltestsshav that therearetwo origins of discretizationerrors,i.e., conductvity
contrastsandgeometricproperties.The FD schemeseemdo be ratherrobust with respecto irregular
grid geometriesandthe FE schemawith respecto conductvity contrastsThesealifferencesreprobably
relatedto thetreatmentf potentialandconductvity in assemblinghecoeficientmatrix. A second-order
Taylor seriesexpansionof the potentialis usedfor derving the FD expressionshut in assemblinghe
FE matrix K it is assumedhat the potentialsarelinear function of the coordinatesn eachhexahedral
element.Thus, a local refinementof grid is necessayn thoseregions wherethe potentialfields vary
steeplyto obtainaccurateresultswith the FE modeling.Moreover, in assembling-E coeficientsthe
electricalconductvity is assumeaonstantover eachhexahedronandis equalto the real conductvity
of the medium.However, in FD schemehe conductvity valueat a grid pointis the arithmetricaverage
of eightvolume-weightedell conductvities that surroundthe grid point. This approximatioraccounts
for increasedliscretizatiorerrorsneartheconductvity contrastlncontrollablenumericainstabilitiesof
theFD solutionarethereforeobseredin thecaseof avery highconductvity contrastFigure4 shavsthe
computed-E andFD resultsof a pole-poleconfiguratiorfor theconductvity contrasof p, /p, = 10000.
The FE solutionagreesvell with theanalyticaloneafterrefiningthe grid adequatelyHowever, it is not
possibleto restabilizethe FD solution.

4.3 Storagesizeof coefficientmatrix

As mentionedn section3, the coeficient matrix of the FE equationss symmetricandsparseWith the
hexahedralelementdiscretizationeachnodehasmaximal 26 neighboumodal points. This meansthat
the coeficient matrix generallyhas27 non-zerocomponentsn eachrow. Hencel4 non-zeroelements
needto be storedin eachrow of the matrix becausef the symmetry For a grid with, e.g.,73x 89x 35

nodesthereareabout3.1 x 10° non-zerocomponentso bestored.

Most 3D FD approachesre formulatedwith a centralgrid point andits six direct neighboursalong
the main coordinateaxes. This meansthat the coeficient matrix resultingfrom FD discretizationhas
maximal7 non-zerocomponentsn eachrow. Thus,only 4 non-zerocomponentsieedto be storedin

eachrow becausef symmetry For the above grid of 73 x 89 x 35, thereareabout9.1 x 10° non-zero
elementdo bestored.

In conclusion the coeficient matrix of FD equationss much more sparsethanthat of FE equations.
The FE schemeaequiresabout3.4 timesasmuchstorageasthe FD scheme.
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Fig. 5 Theeffectof singularityremoval for a pole-poleconfiguration
perpendiculato thedike depictedn fig. 1 (alongy-axis).

5 ENHANCED REFERENCE MODELS FOR A MODIFIED SINGULARITY REMOVAL
TECHNIQ UE

In this sectionwefirst prove thesingularitytechniqudo be superiotto modelingthetotal potential. Then
weillustratethe advantage®f usingbettersuitablereferencenodelsfor the potentialsplit-up.Sofarthe
homogeneoukalf-spacehasbeenusedto calculatethe normalpotential.However, for a wide rangeof
modelshorizontallayersor vertical contactsare bettermatchingalternatves. We will refer to the for-
mer methodasthe corventionalsingularityremoval techniqueandthe latterasthe improved singularity
removal techniqgueWe consideithreeexamplesatfirst theverticaldike model.Herewe shav theadwan-
tageof modelingthe secondanpotentialin general Thenwe investigatea cubeburiedin atwo-layered
earthanda cubeburied neara verticalfault to shav the superiorityof theimproved singularityremoval
technique Figure5 shavs the total potentialof a pole-poleconfigurationfor a profile perpendiculato
thedike (alongthey-axis).Thesinglecurrentsources locatedattheorigin of thecoordinatesystem.The
total potentialin the methodwithout singularityremoval is obtainedby solvingthe differentialequation
(2). It is clearfrom figure 5 thatthe methodwithout singularityremoval producedarger errorsthanthe
methodwith the corventionalsingularityremoval, especiallynearthe currentsourcepoint. The average
error, whichis calculatedcasbeingthesumof the percenterroratall profile nodesdivided by the number
of nodes,is 2.60 per centfor the FE solutionwithout singularityremoval andis 0.10 per centfor the
FE solutionwith singularityremoval. This exampledemonstratethat a secondarpotentialapproach
improvestheaccurag considerably

The secondmodelis a cubeburiedin a two-layeredearthshowvn in the lower left-handcornerof Fig.

6. Thefirst layerhasaresistvity of p; = 10000m anda thicknessof h = 3m. The secondayeris a uni-
form half-spacewith aresistvity of p, = 10Qm. A conductingcubewith aresistvity of p; = 10Qmand
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Fig. 6 Theeffectof singularityremoval for a Schlumbegersoundingacrossa cubeburiedin atwo-layerec
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Fig. 7 Theeffect of singularityremoval for a Schlumbeger soundingacrossa cubeburiedneara
verticalcontact.
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with the sidelengthof 2m is embeddedn thefirst layer The apparentesistvity p, of a Schlumbeger
soundingis evaluatedusingthe FE methodwith the modifiedsingularityremoval techniquewherethe
two layeredearth(p; = 100Qm, h = 3mandp, = 10Qm) is regardedasthe normalstructureln fig. 6 it
is comparedvith the boundary-intgral methodaccordingto HvoZdara(1995).Both the solutionsshav
good agreementThe numericalresult obtainedusing the FE methodwith a homogeneouseference
backgrounds alsoshawvn in figure6. p, is distortedseriouslyatlarge electrodespacinggAB/2 > 15m).
This exampledemonstratethatthe useof the corventionalsingularityremoval techniquausinga homo-
geneouseferencanodelis notappropriatevhenthe backgrounds alayeredearth.

The third modelis a cubeburied neara vertical fault shavn in the top left-handcornerof Fig. 7. The

apparentesistvity of a Schlumbegersoundings evaluatedusingthe FE methodwith the modifiedsin-

gularityremoval technigueNow theverticalcontacts regardedasthenormalstructurewhoseanalytical
solutionis theprimarypotential.In fig. 7 it is comparedigainwith theboundary-intgral methodaccord-
ing to HvoZzdara& Kaikkonen(1994).The maximumdifferenceof 3.1 percentoccursat the boundary

Thecurrentsourcesrelocatedat (Om, —3.4m, 0m) and(Om, —2.6m, 0m). Thenumericalresultsobtained
with the corventionalsingularityremoval technique(i.e. the analyticalsolutionof a uniform half-space
with the resistvity of p, = 10Qm is regardedas the primary potential) are distortedseriouslywhen

approachindhe boundaries.

6 CONCLUSIONS

In this paperwe have developeda 3D finite elementalgorithmfor DC resistvity modeling.Thesingular
ity removal procedureandmixedboundaryconditionsareincorporatedandthe high degreeof accurag
is demonstrateddVith thecorventionalsingularityremoval techniqueproposedy Lowry etal (1989)and
refinedby Zhao& Yedlin (1996),thesingularitycanberemaovedin thevicinity of thecurrentsourceand
the numericalresultsarevery satishctoryover thewhole modeldomainwhenthe backgroundstructure
is auniform half-spaceHowever, if thebackgroundieviatesfrom thehomogeneousasethistechnique
doesnt work well. We have presented modified singularity removal technique wherethe solution of
a horizontally layeredearthor a vertical contactis regardedasthe primary potential. This technique
allows to betteradjustto a wide rangeof modelsand considerablyincreaseghe accurag toward the
boundariesEspecially horizontallayersarea very commongeologicfeature sothatthe improved sin-
gularity removal procedurewill bevery helpfulin practice.

The finite differenceandfinite elementmethodsare very suitableto modela complex 3D earth.The
investigationshawvs thatbothdifferentialequationtechniquegyive accurateesults whenanappropriate
gridis used.Yet,bothtechnique$ave individualadvantagesanddisadwantagesOntheonehand the FD
methodproducedarger errorsnearconductvity contrasthanthe FE method.Ontheotherhand,the FE
methodis lessrobustwith respecto grid irregularities.The FD methodrequiredessstoragehanthe FE
method however, it is possibleto incorporateetrahedraklementsnto the FE techniquewhich is most
suitableto modeltopographyandslopinginterfaces Neverthelesshexahedraklementsarenecessaryo
carrayout a significantcomparisorto the FD technique For practicalapplication,howvever, our future
work will concentratentetrahedraklementdiscretizatiorandthe discussiorof topographiceffects.
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