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∼ 90% of the total tropospheric delay. It only depends on 
the pressure and geolocation and can be precisely modeled, 
e.g. with the semi-empirical Saastamoinen model (Saas-
tamoinen 1972) with observed or modeled ground pressure 
(e.g. from GPT2, Lagler et al. 2013). The wet tropospheric 
delay is difficult to be precisely modeled, as it is affected by 
the high spatial and temporal variations of water vapor. In 
the following, we briefly outline different ways how the wet 
tropospheric delay can be handled, together with the cor-
responding observation models.

The weakest model is the troposphere-float model (Klei-
jer 2004), in which a parameter for the zenith wet delay 
(ZWD) of the receiver is set up and estimated along with the 
other parameters. This strategy is commonly used in most 
high-precision positioning applications (Zumberge et al. 
1997). Due to the observation geometry, the ZWD estimate 
is highly correlated with the estimated up component of the 
user position (Vaclavovic et al. 2017).

The strongest model is the troposphere-fixed model 
(Kleijer 2004), in which the tropospheric delay is assumed 

Introduction

In high-precision global navigation satellite system (GNSS) 
applications such as precise point positioning (PPP), with 
ambiguity-resolution also referred to as PPP-RTK, it is 
required to account for atmospheric effects. GNSS signals 
are delayed while crossing the troposphere, where it is usu-
ally distinguished between the hydrostatic and the wet delay 
component. Both components can be represented by the 
delay in zenith direction from the receiver and satellite-spe-
cific mapping factors accounting for the direction of the sat-
ellite, using for instance the global mapping function (GMF, 
Böhm et al. 2006) or the Vienna mapping functions (VMF, 
Böhm and Schuh 2004). The hydrostatic delay accounts for 

	
 Andreas Brack
brack@gfz.de

1	 GFZ Helmholtz Centre for Geosciences, Telegrafenberg, 
14473 Potsdam, Germany

Abstract
In GNSS precise point positioning (PPP), a user commonly estimates a troposphere parameter representing the zenith 
wet delay (ZWD). The ZWD is non-negative and generally assumes values of up to around 30 cm. In the initial epochs 
of a PPP solution, however, the precision of the estimated ZWD parameter can be on the several meter level, most likely 
leading to unrealistic ZWD estimates outside of this interval, and large errors in the up component. In this contribution, 
we introduce and discuss a troposphere-bounded GNSS model, in which the ZWD parameter is constrained to an a-priori 
defined feasible interval. This translates to an observation model with linear inequality constraints, for which we derive 
and discuss two solutions, the constrained float solution and the constrained integer least-squares (ILS) solution. We 
analyze the positioning capabilities of the troposphere-bounded model as compared to the unconstrained case by means 
of simulated multi-frequency GPS and Galileo PPP examples and exemplary real-data experiments. With the constrained 
ambiguity-float solution, the RMS error of the up component is improved by up to 75% for GPS and up to 65% for 
GPS + Galileo solutions in the first observation epochs, even for relatively loose ZWD constraint intervals of 20  cm or 
more. The constrained ILS solution leads to higher ambiguity success rates, so that for instance ZWD constraint intervals 
of five and 20 cm reduce the average times-to-first-fix the ambiguities by around 17.5% and 10%.

Keywords  Multi-GNSS · Troposphere · Zenith wet delay · Constrained integer least-squares · Ambiguity resolution · 
PPP · PPP-RTK

Received: 23 July 2025 / Accepted: 29 October 2025
© The Author(s) 2025

Inequality-constrained integer least-squares and its application to 
troposphere-bounded GNSS PPP

Andreas Brack1 · Shengping He1

1 3

https://doi.org/10.1007/s10291-025-01991-w
http://crossmark.crossref.org/dialog/?doi=10.1007/s10291-025-01991-w&domain=pdf&date_stamp=2025-11-11


GPS Solutions           (2026) 30:23 

to be completely corrected for and no ZWD parameter is 
estimated. This model can typically be applied for short 
baseline positioning or in PPP when using corrections from 
a local reference network (Teunissen et al. 2010), when the 
differences of the tropospheric delays between the receiv-
ers are negligible. Removing the ZWD parameter from the 
observation model mostly improves the precision of the 
estimated up component in positioning applications, in par-
ticular for short observation time spans.

A trade-off between the troposphere-float and -fixed 
models is the troposphere-weighted model (Kleijer 2004), 
in which a-priori information about the ZWD is included 
as pseudo observation and weighted according to its uncer-
tainty. If the uncertainty is assumed very large, the tropo-
sphere-weighted model converges to the troposphere-float 
model, whereas for vanishing uncertainty the troposphere-
weighted model becomes identical to the troposphere-fixed 
model. This model can for instance be applied by PPP users 
when utilizing numerical weather prediction models to cal-
culate the approximate ZWD (Wilgan et al. 2017) or when 
interpolating network derived ZWD parameters (de Oliveira 
Jr et al. 2017; Gao et al. 2024). The troposphere-weighted 
model can also be used to constrain the time-differenced 
ZWD to account for its relatively slow variability, for 
instance in the form of a random-walk process (Hadas et 
al. 2017).

In this contribution, we introduce a GNSS observation 
model in which the ZWD parameter is bounded through 
inequality constraints, an idea that was introduced in He 
(2025). The bounds can for instance be derived from the 
physical properties of the troposphere, utilizing feasible 
limits of the ground temperature and the relative humid-
ity in ZWD models. As an example, a simple but already 
useful lower bound corresponding to zero relative humid-
ity is that the ZWD is non-negative. This model can prove 
particularly useful in real-time applications, as it does not 
rely on the availability of external ZWD information. By 
constraining the ZWD parameter we want to improve the 
positioning performance, while the dependence on external 
tropospheric corrections and their associated uncertainties 
is avoided.

In contrast to the above mentioned tropospheric models, 
this troposphere-bounded model can no longer be solved 
by the standard least-squares and integer least-squares 
(ILS) methods. The constraints should be fully integrated 
into the objective function, resulting in an (integer) least-
squares problem with linear inequality constraints. Rigor-
ously including constraints on the real-valued parameters 
in an ILS problem has previously been formulated in the 
GNSS compass model (Park and Teunissen 2009; Teunis-
sen 2010; Teunissen et al. 2011) and in the GNSS attitude 
model (Teunissen 2007; Giorgi et al. 2012), both making 

use of non-linear equality constraints on the local geometry 
of a multi-receiver setup. Khodabandeh (2022) formulated 
a bias-bounded model, which allows one to resolve inte-
ger ambiguities in rank-deficient models. Our ILS problem 
with linear inequality constraints can be solved in a simi-
lar way as the GNSS compass and attitude models, making 
use of the same orthogonal decomposition of the objective 
function.

The expected benefits of the troposphere-bounded solu-
tion compared to the unconstrained model are twofold: 
Firstly, the accuracy of the ambiguity-float solution should 
be improved, in particular for the up component, and sec-
ondly, the ILS success rate (SR) should be increased, lead-
ing to shorter convergence times.

This contribution is organized as follows. We first intro-
duce the GNSS observation model with arbitrary constraints 
on the real-valued parameters and recap its constrained 
(integer) least-squares solution that follows from rigor-
ously including the constraint into the ambiguity objective 
function. We then formulate, as one specific example, the 
troposphere-bounded model and derive its solution together 
with a discussion of the distributional properties. The per-
formance of the troposphere-bounded model is finally ana-
lyzed in PPP/PPP-RTK examples using simulated and real 
GNSS data.

The GNSS observation model and its 
constrained least-squares solution

Let the linear(ized) full-rank model of the GNSS observa-
tion vector y ∈ Rm containing the observed minus com-
puted phase and/or code measurements be given by

y = Aa + Bb + η,� (1)

with a ∈ Zn the vector of integer ambiguity parameters, 
b ∈ B ⊆ Rp the vector of real-valued parameters such as 
incremental receiver coordinates, the ZWD, clock offsets, 
or instrumental and ionospheric delays, and A and B the 
known design matrices. The additive noise vector η ∈ Rm 
is assumed as zero-mean Gaussian with covariance matrix 
Qy .

Applying the least-squares principle to (1) results in the 
following minimization problem

min
z∈Zn,β∈B

∥y − Az − Bβ∥2
Qy

.� (2)

 When no constraints are imposed on b so that B = Rp, 
which is usually the case in conventional PPP models, (2) 
is called an  integer least-squares (ILS) problem (Teunissen 
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1993). Depending on the application at hand, additional 
information on the properties of b might be available that 
can be included by restricting the feasible set B of b when 
solving (1) for the unknown parameter vectors a and b.

The solution of (2) can be derived by making use of the 
orthogonal decomposition (Teunissen 1993)

∥y − Az − Bβ∥2
Qy

= ∥ê∥2
Qy

+ ∥â − z∥2
Qâ

+ ∥b̂ (z) − β∥
2
Qb̂(z)

,
� (3)

 where   ê = y − Aâ − Bb̂ is the least-squares residual 
vector with the unconstrained float solutions â and b̂ from a 
linear least-squares adjustment, whose variance and covari-
ance matrices are denoted by Qâ, Qb̂, and Qâb̂. The con-
ditional float solution b̂ (z) = b̂ − Qb̂âQ−1

â (â − z) , with 
variance matrix Qb̂(z) = Qb̂ − Qb̂âQ−1

â Qâb̂ assumes that 
the value of the unknown ambiguity vector a is given by z. 
The minimization problem (2) can now be written as

min
z∈Zn,β∈B

∥y − Az − Bβ∥2
Qy

= ∥ê∥2
Qy

+ min
z∈Zn

(
∥â − z∥2

Qâ
+ min

β∈B
∥b̂ (z) − β∥

2
Qb̂(z)

)
.
� (4)

    
Let the minimizer of the third term be denoted as

b̌ (z) = argmin
β∈B

∥b̂ (z) − β∥
2
Qb̂(z)

.� (5)

The fixed solutions ǎ and b̌, i.e., the minimizers of (2), are 
now given by

ǎ = argmin
z∈Zn

(
∥â − z∥2

Qâ
+

∥∥∥b̂ (z) − b̌ (z)
∥∥∥

2

Qb̂(z)︸ ︷︷ ︸
F (z)

)

b̌ = b̌(ǎ)

� (6)

If no constraint is imposed when estimating b, so that 
B = Rp, then b̌ (z) = b̂ (z), resulting in the standard ILS 
solution ǎ = argminz∈Zn∥â − z∥2

Qâ
 and b̌ = b̂(ǎ), which 

can be efficiently solved using for instance the LAMBDA 
method (Teunissen 1995).    

Prominent examples for imposing constraints on b were 
formulated by using a-priori information on the local geom-
etry of a multi-receiver setup on a rigid platform. In the 
GNSS compass model (Park and Teunissen 2009; Teunissen 
2010), the baseline length in a single-baseline model is con-
strained as ∥b∥ = l and in the multivariate GNSS attitude 
model (Teunissen 2007; Giorgi et al. 2012), b is constrained 

to represent an orthonormal matrix characterizing the rota-
tion of the moving platform wrt. the reference frame. The 
solutions of the respective problems are mechanized in the 
constrained C-LAMBDA and multivariate-constrained 
MC-LAMBDA methods.

Solving (6) generally includes a search for integer vec-
tors z and an evaluation of the objective function F (z) 
for each integer vector, which in turn implies solving the 
minimization problem (5). The search radius can be set by 
evaluating F (z) for the unconstrained ILS ambiguity solu-
tion, potentially combined with a shrinking approach once a 
better solution has been found. Depending on the constraint, 
solving (5) might not be trivial and can be computationally 
demanding, in particular if many integer vectors are to be 
evaluated.

For the troposphere-bounded GNSS model, the feasible 
region B will be defined by means of linear inequality con-
straints rather than by non-linear equality constraints like 
in the above two examples. The corresponding solution of 
(5) will be shown in the following section.

The fixed solution b̌ is normally rejected if the ambiguity 
SR is not sufficiently high, in order to limit the occurrence 
of large errors. In this case, the constraint b ∈ B can still be 
utilized in a constrained float solution, in which the inte-
ger constraint on the estimate of a is disregarded. It can be 
derived by interchanging the roles of â and b̂(z) in (4) to b̂ 
and â (β) (Giorgi 2011) and follows as

b̂c = argmin
β∈B

∥b̂ − β∥
2
Qb̂

� (7)

âc = â
(

b̂c

)
,� (8)

where usually one is only interested in b̂c, which requires 
solving the same problem as in (5) with a different weight-
ing matrix.    

The troposphere-bounded GNSS solution

The wet component of the tropospheric delay accounts for 
∼10% of the total tropospheric delay, so that the true ZWD 
roughly assumes values of 0 − 30cm, depending on the 
meteorologic conditions and the receiver location. When 
estimating a ZWD parameter in GNSS positioning applica-
tions, a high correlation is obtained between the estimates 
of the ZWD and the up component of the user position. For 
short observation time spans, the estimation precision of 
the ZWD can reach several meters, which means that most 
likely the resulting estimate is physically unrealistic. He 
(2025) presented the idea to limit the estimated ZWD to its 
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mathematically a special case of the constrained ILS models 
presented in the literature, cf. the previous section.

If the bounds in (10) are chosen very tight, so that 
(τmax − τmin) → 0 and both bounds become identical, the 
troposphere-bounded model becomes identical to the tropo-
sphere-fixed model in which the ZWD is fixed to one of the 
identical bounds. If both bounds are chosen very far from τ  
as (τ − τmin) → ∞ and (τmax − τ) → ∞, the bounds will 
never be active and the troposphere-bounded model is iden-
tical to the troposphere-float model, in which no constraints 
are imposed on the ZWD.

With the minimizer of (7) given in (10), the minimum 
can easily be derived as

∥b̂ − b̂c∥
2
Qb̂

=





Q−1
τ̂ (τ̂ − τmin)2

, τ̂ < τmin
0, τmin ≤ τ̂ ≤ τmax
Q−1

τ̂ (τ̂ − τmax)2
, τ̂ > τmax

� (12)

and only depends on the constrained ZWD estimate. 
This is relevant for the constrained ILS problem (6), in 
which the objective function F (z) has to be evaluated 
for potentially many integer vectors z. The first term of 
F (z), ∥â − z∥2

Qâ
, is already available from the integer 

search. The second term, ∥b̂ (z) − b̌ (z) ∥
2
Qb̂(z)

, is of the 

same type as (12), so that if τ̂ (z) = eT
τ b̂ (z) falls within the 

interval [τmin, τmax], it is zero, whereas for τ̂ (z) < τmin, it 
is Q−1

τ̂(z)(τ̂(z) − τmin)2 with Qτ̂(z) = eT
τ Qb̂(z)eτ , and for 

τ̂ (z) > τmax analogously.
In order to discuss the distributional properties of the 

troposphere-bounded solution (10), let the float estimate 

be composed as b̂ =
[ˆ̃b

T
, τ̂

]T

, and b̂c analogously. As 

explained in Appendix A, b̂c can be computed by first com-
puting the estimate τ̂c ∈ [τmin, τmax] based on τ̂ , and then by 
computing the conditional estimate ˆ̃b(τ̂c). The constrained 
ZWD estimate τ̂c is characterized by a hybrid probability 
density function (pdf)/probability mass function fτ̂c(·). Its 
non-zero values are given by

fτ̂c(t) =

{
P (τ̂ < τmin) , t = τmin
fτ̂ (t) , τmin ≤ t ≤ τmax
P (τ̂ > τmax) , t = τmax

� (13)

with fτ̂ (·) the pdf of τ̂  and P (·) the probability of an event. 
That is, τ̂c assumes the two boundary values with a certain 
probability, and between these two values it follows the 
Gaussian distribution of the unconstrained float solution τ̂ . 
Since τ̂c is derived only from τ̂ , the pdf of ̂̃bc can be formu-
lated using the conditional pdf fˆ̃b|τ̂ (·|·) as

physically possible values, so that unrealistically small or 
large estimates are avoided. The limits can for instance be 
found by evaluating one of the ZWD models that depend 
on surface meteorologic conditions (Mendes 1999) for the 
minimum and maximum expectable and/or feasible tem-
perature and relative humidity. A simpler way can also be 
to make use of conservative bounds obtained from past 
observations.

Let eτ  be a p-dimensional unit vector with a ''1'' entry at 
the index of the ZWD parameter in b. The feasible region B 
can now be formulated as

B =
{

β ∈ Rp|eT
τ β ≥ τmin, eT

τ β ≤ τmax
}

.� (9)

With this definition of the feasible region, (5) and (7) are 
quadratic optimization problems with linear constraints and 
therefore convex optimization problems (Boyd and Vanden-
berghe 2004). Such problems can for instance be numeri-
cally solved with subgradient based dual methods. In our 
case with only a single bounded variable, however, a sim-
pler solution can be found. For the sake of simplicity, we 
base our derivations on the notation of (7), but the results 
can easily be transferred to (5) by replacing the float esti-
mate b̂ by the conditional estimate b̂ (z) with its respective 
covariance matrix.        

The solution of (7) with the feasible region (9) is derived 
in Appendix A as

b̂c =




b̂ −
(
Qb̂eτ

)
Q−1

τ̂ (τ̂ − τmin) , τ̂ < τmin

b̂, τmin ≤ τ̂ ≤ τmax
b̂ −

(
Qb̂eτ

)
Q−1

τ̂ (τ̂ − τmax) , τ̂ > τmax

� (10)

with τ̂ = eT
τ b̂ and Qτ̂ = eT

τ Qb̂eτ . This result can be under-
stood as follows: If the unconstrained float solution falls 
within the feasible region b̂ ∈ B, it is simply left unchanged. 
If the estimated ZWD τ̂ < τmin is too small, then it is 
increased to τmin, and if the estimated ZWD τ̂ > τmax is too 
large, it is decreased to τmax in b̂c. The other entries of b̂c 
are the conditional estimates assuming the ZWD parameter 
is given as τmin or τmax, respectively.

An equivalent formulation of the feasible region B in (9) 
is given by

B =
{

β ∈ Rp|∥eT
τ β − τmean∥ ≤ τrad

}
� (11)

with τmean = (τmax + τmin)/2 and τrad = (τmax − τmin)/2, 
i.e., the two linear inequality constraints can be written as a 
single quadratic inequality constraint, similar to the length 
constraint of the GNSS compass problem. The constraint 
will only be active and then act as an equality constraint 
if b̂ /∈ B, so that the troposphere-bounded model is 
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troposphere bounds are symmetric around the true value, 
whereas the right panels correspond to τmin = τ − 17.5cm 
and τmax = τ + 2.5cm. In the top panels we can see the 
Gaussian error distribution of the unconstrained float solu-
tion τ̂  in gray. The error distribution of the constrained 
solution τ̂c in blue is composed of the two discrete prob-
ability masses at τmin and τmax, and in between the part of 
the Gaussian distribution of τ̂ . In the bottom panels we can 
see that the corresponding distributions of the troposphere-
constrained up solutions in blue, taken from ˆ̃bc, are more 
peaked than the unconstrained float solution in gray. The 
three components of the blue curves, cf. (14), are shown as 
dashed lines, where the red and yellow components are the 
weighted conditional Gaussian distributions from the tro-
posphere bounds together with their conditional means in 
black, as indicated by the red and yellow markers in the top 
panels, and the blue component is the second term in (14) 
from the continuous part of τ̂c. We can see that if the tropo-
spheric bounds are symmetric around the true but unknown 
τ , the two weighted conditional Gaussians are biased but 
symmetric around the true value, and the dashed blue curve 
is an unbiased distribution, so that the constrained solu-
tion b̂c is unbiased. In the right panels this is clearly not the 
case, as the red and yellow curve have different weights and 
biases of different magnitude, and the blue dashed curve is 
also not an unbiased distribution, so that b̂c is biased, as can 
be seen from the solid blue curve.    

So far we only discussed the distributional properties of 
the conditional float solution b̂c in (7), not of the fixed solu-
tion b̌ in (6). Deriving a useful expression for the pdf of b̌ 
is more difficult, as in addition to the parameter bounds also 
the discrete random nature of the fixed ambiguity solution 
ǎ has to be accounted for. In the case that the probability of 

fˆ̃bc

(
β̃

)
= fˆ̃b|τ̂

(
β̃|τmin

)
P (τ̂ < τmin)

+
ˆ τmax

τmin

fˆ̃b|τ̂

(
β̃|t

)
fτ̂ (t) dt

+ fˆ̃b|τ̂

(
β̃|τmax

)
P (τ̂ > τmax) .

� (14)

        
It is the sum of two weighted conditional Gaussian dis-

tributions for the two troposphere bounds with the prob-
abilities from (13), and a non-Gaussian contribution from 
integrating the joint pdf of ˆ̃b and τ̂  over the troposphere 
interval [τmin, τmax].      

The expectation of  τ̂c follows from (13) as

E [τ̂c] = P (τ̂ < τmin) · τmin

+
ˆ τmax

τmin

fτ̂ (t) · t dt

+ P (τ̂ > τmax) · τmax.

� (15)

If the bounds τmin and τmax are symmetric around τ , the two 
probabilities in (15) are identical and τmin + τmax = 2τ , so 
that the first and third term of (15) add to 2P (τ̂ < τmin) · τ . 
As fτ̂ (t) is symmetric around τ , the second term of (15) fol-
lows as [1 − 2P (τ̂ < τmin)] · τ , so that E [τ̂c] = τ . Under 
the given model assumptions, the conditional estimate 
ˆ̃bc = ˆ̃b(τ̂c) is unbiased if  τ̂c is unbiased, so that E

[ˆ̃bc

]
= b 

if the bounds are symmetric around τ .    
Two examples of the distributions (13) and (14) are 

shown in Fig. 1. They follow from a PPP example, where 
the top panels show the distribution of the estimates of the 
ZWD parameter τ  and the bottom panels the distribution of 
the up-component of the user position. The left panels corre-
spond to τmin = τ − 10cm and τmax = τ + 10cm, i.e., the 
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Fig. 1  Distribution functions of 
the ZWD parameter (top) and the 
up-component of the user position 
(bottom) for a PPP example, where 
the unconstrained float solution b̂ is 
shown in gray and the constrained 
float solution b̂c in blue. In the left 
panels, the ZWD bounds τmin  and 
τmax are symmetric around the 
true value τ , leading to unbiased 
estimates. In the right panels, τ  is 
significantly closer to the upper 
bound τmax, leading to a bias of 
the ZWD estimate of −5.1 cm and 
of the up-component of 17.8 cm

 

1 3

Page 5 of 14     23 



GPS Solutions           (2026) 30:23 

and code biases, the ionospheric slant delays, and the tropo-
spheric ZWD. The ambiguity vector a contains the double-
difference integer ambiguities.

The following analyses are based on one day of simu-
lated and real GPS and Galileo data from the user station 
PERT (Trimble Alloy) during March 15, 2025, using signals 
from up to five frequencies with a sampling rate of 30s and 
an elevation cut-off angle of 10

◦
. The employed signals and 

their zenith-referenced standards are given in Table 1. Dual-
frequency refers to GPS L1 + L2 and Galileo E1 + E5a, for 
triple-frequency the L5 and E6 signals are added, and for 
the five-frequency case also the Galileo E5b and E5 signals. 
The PPP corrections are computed on an epoch-by-epoch 
basis from the station NNOR (Septentrio PolaRx5TR) and 
applied by the user with zero latency and full covariance 
information. Precise orbits are taken from the GFZ rapid 
product (Männel et al. 2020). The GMF is used to estimate 
the ZWD parameters. For the real-data analyses, zenith 
hydrostatic delays are computed from the Saastamoinen 
model. We assume that biases, ambiguities, and the ZWD 
are time-constant, where the latter is valid as we only con-
sider short time spans, whereas coordinates, ionospheric 
delays, and clock offsets are assumed completely unlinked 
in time. For more details on the observation model, see 
Brack et al. (2023).

We expect two main advantages from including bounds 
on the ZWD parameter in the positioning model, an illustra-
tion of which are shown in Fig. 2. It shows the convergence 
of the estimated ZWD and coordinate up component of a 
simulated dual-frequency GPS example, where the results 
of the troposphere-float model are shown in gray and of 
the troposphere-bounded model in blue. Left of the vertical 
lines, the solutions are float solutions for which we expect 
a precision improvement from bounding the ZWD estimate. 
We can see that in the unconstrained case in gray the large 
negative ZWD errors in the first epochs lead to large positive 
errors of the up component. For the troposphere-bounded 
model, we assume the bounds τmin and τmax are at ∓10cm 
from the true ZWD as indicated by the dashed red lines. 
Bounding the float ZWD error in the constrained float solu-
tion in blue, cf. (7), clearly reduces the resulting up error. 
The second expected advantage is for the TTFF the ambi-
guities, where our criterion is an ILS SR of 99.9% or higher. 
In this example, the TTFF is clearly reduced from 15.0min 
with the troposphere-float model to 11.5min with the tro-
posphere-bounded model, as indicated by the two vertical 
lines of the respective colors. The ambiguity-fixed solutions 

correct ambiguity resolution P (ǎ = a) is sufficiently high, 
one can work with the assumption that ǎ is deterministic. 
The properties of the fixed estimate b̌ can then be discussed 
in the same way as the ones of the conditional float solution 
b̂c, but with the conditional covariance matrix Qb̂(z) instead 
of Qb̂. We note, however, that the conditional precision 
of the ZWD estimate in the fixed solution might often be 
considerably smaller than the interval given by the bounds 
τmin and τmax. This implies that when the ambiguities are 
resolved correctly, with a high probability the troposphere 
bounds are not active, so that the benefits of the ZWD con-
straint for the fixed solution are then mostly an increased 
ILS SR and/or a shorter time-to-first-fix (TTFF), rather than 
an improved precision from the troposphere bounds.        

The above model only contains one bounded parameter, 
the ZWD, so that only a single constraint can be active at 
a time and a simple solution is found in (10). The concept 
of defining feasible intervals can be extended to multiple 
parameters, for instance to horizontal tropospheric gradi-
ents, leading to additional constraints when defining the 
feasible region B in (9). The solution of such a problem fol-
lows the principle of (10), namely for   b̂ ∈ B the solution 
is left unchanged, and otherwise it will lie on the boundary 
of B. In the latter case it is, however, not obvious from  b̂ 
which of the constraints are active at the optimum, as 
now more than one constraint can be active. Once the set 
of active constraints is found, the corresponding equality-
constrained solution is easily derived by fixing the values 
of the respective parameters. An alternative to the above 
mentioned numerical subgradient based dual methods are 
therefore active set methods (Nocedal and Wright 2006), 
especially with only a few bounded parameters, in which 
different candidate sets of active constraints are evaluated 
iteratively until a valid solution meeting the Karush–Kuhn–
Tucker (KKT) conditions is found.    

Experimental validation

While (1) covers a wide range of GNSS applications, we 
focus on kinematic multi-GNSS multi-frequency PPP/PPP-
RTK user models. In particular, y contains undifferenced, 
uncombined phase and code observations of the rover 
receiver, to which external corrections for the satellite clock 
offsets, phase biases, and code biases are applied. The esti-
mated parameters b contain the receiver coordinates, the 
receiver clock offsets and frequency specific receiver phase 

Table 1  Employed signals with the estimated zenith-referenced standard deviations (std) of the code observations
GPS Galileo

Freq L1 L2 L5 E1 E5a E5b E5 E6
Std [cm] 28 22 25 21 21 21 12 23
For all carrier-phases a value of 2mm is assumed
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Simulation results

Simulated positioning errors of a specific dual-frequency 
GPS + Galileo observation geometry using four observa-
tion epochs are shown in Fig. 3 for the troposphere-float, 
troposphere-bounded, and troposphere-fixed models. For 
the troposphere-bounded model, the bounds are chosen as 
τ ∓ 10cm. The respective float solutions are again shown 
in gray for the three coordinates and the ZWD, where of 
course for the troposphere-fixed model no ZWD parameter 
is present. The RMS positioning errors for the three models 
are listed on the bottom right and show that constraining 
or eliminating the ZWD parameter mostly improves the up 
component, so we will only focus on this one in the fol-
lowing. The ILS solutions are shown in green and red for 
correct and incorrect ambiguity estimates. We clearly see a 
decrease of the number of red points from the troposphere-
float model, that uses no a-priori information on the ZWD, 
to the troposphere-fixed model with perfect a-priori infor-
mation. As expected, the performance of the troposphere-
bounded model lies in between. This optical impression 
is confirmed by the given ILS SRs of 35.5%, 47.2%, and 
63.3%.

In Fig. 4, the impact of the ZWD bounds on the ambiguity-
float positioning error is investigated for the dual-frequency 
GPS and GPS + Galileo cases. The convergence of the RMS 
errors of the ZWD and the up component are shown for 
the troposphere-float model in gray, the troposphere-fixed 
model in red, and the troposphere-bounded model in blue, 
where dark to light shades correspond to different bounds 
of τ ∓ 2.5cm, 5cm, 10cm, 15cm, and 20cm. The results 

right of the vertical lines show an immediate reduction of 
the errors, but are of similar precision for both models, as 
we can see in the two zoom-in plots at the bottom. These 
two advantages are evaluated in more detail in the following 
two sections via simulations and with real GNSS data.

Fig. 3  Simulated east, north, up, 
and ZWD errors from a dual-
frequency GPS + Galileo position-
ing example with four observation 
epochs for three troposphere mod-
els. The float solutions are shown 
in gray and the ILS solutions in 
green and red for correct and incor-
rect ambiguity estimates
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Figure 5 shows the corresponding results if τ  is no longer 
in the center of the constraint interval. We consider an inter-
val of length τmax − τmin = 20cm, where the horizontal 
axis reaches from τ = τmin on the left to τ = τmax on the 
right. As discussed in Fig. 1, the ZWD estimates are biased 
if the feasible interval is not centered around τ , where larger 
biases are observed towards the boundaries of the interval, 
see second row. With more epochs, the probability of the 
constraints being active gets smaller and the average bias is 
reduced. The ZWD RMS errors in the top row clearly also 
depend on the relative position of τ  within the feasible inter-
val, where larger values are observed towards the boundar-
ies if   τ̂  is of low precision compared to the length of the 
constraint interval, see for instance the blue curves corre-
sponding to a single observation epoch, and smaller values 
if  τ̂  is of high precision compared to the length of the inter-
val, see the purple curve for combined GPS + Galileo. The 
ZWD biases propagate to the up-component, see bottom 
row, so that the bounds τmin and τmax should be preferably 

are averaged over 24 experiments starting at each full hour. 
The top row shows that the absolute ZWD RMS estima-
tion errors of the troposphere-bounded model are essentially 
identical to the one-sided bounds in the first epochs, mean-
ing that the bounds are active with a very high probability 
due to the low precision of the unconstrained float solu-
tion. Over time, when the precision of the ZWD estimates 
with the troposphere-float model increases, the bounds are 
less likely to be active and the troposphere-bounded model 
slowly converges to the troposphere-float model. The mid-
dle and bottom rows show the ZWD and up RMS estimation 
errors relative to the ones of the troposphere-float model. 
Even relatively loose bounds of τ ∓ 20cm lead to a ZWD 
RMS error reduction of more than 90% in the first epoch, 
which translates to a reduction of the up RMS error in the 
bottom row of ∼75% for GPS and ∼65% for GPS + Galileo, 
similar to what can be achieved with the troposphere-fixed 
model in red. With the convergence of the troposphere-float 
model, the relative improvement decreases, depending on 
how tight the ZWD bounds are. The cases with three and 
five frequencies lead to similar results and are not shown 
in detail.

0

0.05

0.1

0.15

R
M

SE
 Z

W
D

 [m
] GPS 2F

-0.1

0

0.1

Bi
as

 Z
W

D
 [m

]

GPS+Galileo 2F

0 0.5 10 0.5 1

-0.2

0

0.2
Bi

as
 u

p 
[m

]

Relative position of true ZWD within interval

0

2

4

R
M

SE
 u

p 
[m

]

Fig. 5  Average simulated ambiguity-float RMS estimation errors and 
biases of the ZWD and the up-component for the troposphere-bounded 
model depending on the position of the true ZWD within a constraint 
interval of 20 cm length for observation times of 0.5 (blue), 2.5 (red), 
5 (yellow) and 10 min (purple)

 

0.025
0.05
0.1
0.2

1

R
M

SE
 Z

W
D

 [m
]

GPS 2F

2 4 6 8 10
Time [min]

0

0.25

0.5

0.75

1

R
el

. R
M

SE
 u

p

0

0.25

0.5

0.75

1

R
el

. R
M

SE
 Z

W
D

GPS+Galileo 2F

2 4 6 8 10

Fig. 4  Average simulated ambiguity-float RMS estimation errors of the 
ZWD and the up-component for the troposphere-float model (gray), 
the troposphere-fixed model (red), and the troposphere-bounded 
model (blue), for which darker shades imply tighter constraints. The 
RMS values in the two bottom rows are relative to the troposphere-
float model

 

1 3

   23   Page 8 of 14



GPS Solutions           (2026) 30:23 

Real-data results

The findings of the simulation results above are now vali-
dated with real GNSS data from the station PERT for the 
exemplary triple-frequency GPS + Galileo case. Positioning 
errors are computed with respect to precise a-priori coordi-
nates. For the troposphere-bounded model, we set a lower 
bound of τmin = 0cm and an upper bound of τmax = 31cm, 
which is derived from the ZWD model in Askne and Nor-
dius (1987), using the maximum temperature during the day 
of 22.6◦C and a relative humidity of 100%. The ZWD refer-
ence values from a daily dual-frequency GPS + Galileo PPP 
processing are shown in Fig. 7. They mostly lie within 15cm 
and 22cm, well below τmax. The estimation is re-initialized 
every hour, and the following figures show the resulting 24 
convergence periods.

The ambiguity-float east, north, and up positioning errors 
as well as the ZWD estimates are presented in Fig. 8 for the 
24 convergence periods. The results of the troposphere-float 
and troposphere-bounded models are shown in gray and 
blue, respectively, together with their empirical RMS errors 
in black and red. While the horizontal components are only 
slightly different with almost identical RMS errors, we see 
a significant reduction of the up error with the troposphere-
bounded model in the first epochs, where the blue lines are 
much more concentrated around zero. In the first epoch, the 
RMS error with the troposphere-float model is 5.4m, which 

symmetric around the unknown τ , and a user should be 
aware of potentially biased solutions. The up RMS errors 
in the third row are barely affected by the relative position 
of τ . We note that the biases are around one order of magni-
tude smaller than RMS errors of the constrained and uncon-
strained float solutions.

We will now discuss the ambiguity-fixed solutions using 
unconstrained and constrained ILS. Earlier it was claimed 
that the troposphere-bounded model is mostly expected to 
increase the ILS SR, not so much to improve the precision 
of a correctly fixed solution. To demonstrate this, the aver-
age ambiguity-fixed precision of the ZWD estimates result-
ing from the troposphere-float model is shown in Fig. 6 for 
two (purple), three (yellow), and five (green) frequencies, 
where fixed precision refers to the case that the ambigui-
ties are assumed known. The thin lines represent the corre-
sponding ILS SRs of the troposphere-fixed model, which is 
equivalent to the strongest case of the troposphere-bounded 
model in which the valid interval for the ZWD estimate 
only contains the value τmin = τmax. Whenever the SR is 
sufficiently high, so that a fixed solution can be accepted, 
the ambiguity-fixed ZWD precision is at the sub-centimeter 
level. The bounds would have to be at a similar level or 
tighter to have a noticeable impact on the estimates, see (5), 
which will usually not be the case.

This does not mean that the troposphere-bounded model 
is not beneficial for ambiguity-fixed solutions, as the con-
straints on the ZWD parameter can increase the ILS SR 
and lead to a shorter TTFF. Table 2 shows the average 
TTFFs in epochs for GPS and GPS + Galileo PPP-RTK 
with two, three, and five frequencies for the troposphere-
float, the troposphere-fixed, and the troposphere-bounded 
model with different bounds. The fixing criterion is an ILS 
SR of at least 99.9%. The values in the parentheses show 
the reduction with respect to the troposphere-float model. 
Except for the dual-frequency GPS + Galileo case, assum-
ing the ZWD parameter known (troposphere-fixed model) 
reduces the convergence time by roughly one third. With 
ZWD bounds of τ ∓ 2.5cm, the corresponding reduction is 
around 17.5%, and with τ ∓ 10cm, still a reduction of up to 
10% is possible.

Table  2  Simulated average TTFF the ambiguities with the troposphere-float, the troposphere-fixed, and the troposphere-bounded models in 
epochs, where one epoch corresponds to 30s
Systems/freq Trop. fixed Trop. bounded Trop. float

τ ∓ 2.5cm τ ∓ 5cm τ ∓ 10cm τ ∓ 15cm τ ∓ 20cm
GPS 2F 38.4 (30.7%) 46.7 (15.7%) 47.6 (14.1%) 52.8 (4.7%) 54.7 (1.3%) 54.8 (1.1%) 55.4
GPS 3F 28.5 (32.0%) 34.9 (16.7%) 37.9 (9.6%) 40.5 (3.3%) 41.0 (2.2%) 41.2 (1.7%) 41.9
GPS + Gal 2F 25.5 (6.9%) 26.7 (2.6%) 26.9 (1.8%) 26.9 (1.8%) 27.3 (0.4%) 27.0 (1.5%) 27.4
GPS + Gal 3F 7.4 (35.1%) 9.2 (19.3%) 9.8 (14.0%) 10.4 (8.8%) 10.5 (7.9%) 11.1 (2.6%) 11.4
GPS + Gal 5F 7.1 (35.5%) 9.0 (18.2%) 9.7 (11.8%) 9.9 (10.0%) 10.2 (7.3%) 10.8 (1.8%) 11.0
The values in parentheses are the reduction wrt. the troposphere-float model
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troposphere-bounded model it is assumed that the true but 
unknown ZWD τ  is centered withing the interval[τmin, τmax]. 
We can see that generally the blue pluses appear earlier than 
the gray circles, demonstrating the increased SR of the con-
strained ILS. With the troposphere-float model, the aver-
age TTFF is 9.1 epochs, which is reduced by 9.2% to 8.2 
epochs with the troposphere-bounded model, which is in 
agreement with Table 2. After both fixed solutions are avail-
able, however, they are essentially identical so that the gray 
lines cover the blue lines, meaning that in these examples 
the troposphere-bounds are not active and do not contribute 
to improve the precision of the fixed solution. The last row 
shows the average availability of both solutions, with an 
improvement of up to 21% with the troposphere-bounded 
model, as shown in black.

Setting the ZWD bounds

The basis of the troposphere-bounded model is the defini-
tion of valid ZWD bounds, and its performance is affected 
by the length τmax − τmin of the constraint interval and the 
relative position of τ  within this interval. By means of post-
processed GNSS ZWD estimates for the year 2024 with a 

is reduced by more than 70% to 1.6m with the troposphere-
bounded model. The last panel shows the corresponding 
ZWD estimates, where the blue lines are confined to the 
interval between τmin and τmax.

Ambiguity-fixed results are shown in Fig.  9 for the 
same 24 periods, where a solution is only available if the 
corresponding ILS SR is above 99.9%, so that the lines 
do not start in the first epoch. The TTFFs are marked with 
blue pluses and gray circles. The ILS SRs are computed 
via Monte Carlo integration using the computed variance 
and covariance matricesQâ, Qb̂, andQb̂â, where for the 
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be chosen more conservatively. In general, one has to be 
very careful when setting the ZWD bounds, as an incorrect 
bound imposes a wrong constraint on the GNSS model that 
can adversely affect the positioning results, and only a lower 
bound of τmin = 0cm can always be guaranteed.

Conclusions

We introduced and discussed the troposphere-bounded 
GNSS model, in which the estimated ZWD is limited to a 
pre-defined interval. This was formulated by constraining 
the feasible set for the vector of real-valued parameters in 
the observation model. While the general framework for 
solving such constrained mixed integer models is known, 
the solution depends on the actual constraint. In this con-
tribution, the solution for a single bounded parameter was 
derived, using either the KKT conditions or an orthogonal 
decomposition, see Appendix A. We presented both the con-
strained float solution in (7) and (10), and the constrained 
ILS solution in (6) and (10).

Distributional properties of the troposphere-bounded 
coordinate estimates were discussed, showing that bound-
ing the ZWD can improve the precision of the constrained 
float solution, but also introduce a bias, if the bounds are 
not symmetric around the true value. Further, as the ZWD 
bounds will usually be chosen much looser than the preci-
sion of the ambiguity-fixed ZWD estimate, the troposphere-
bounded model can mostly be expected to improve the SR 
and the TTFF by using the constrained ILS solution, not so 

temporal resolution of 15min we verify whether a constraint 
interval of a few decimeter can reliably be determined for 
the case that ground meteorological data are available. 
We consider the four stations POTS (Potsdam, Germany), 
ZUGG (Zugspitze, Germany, at 2988m altitude), UNSA 
(Salta, Argentina), and ENAO (Santa Cruz da Graciosa, 
Graciosa Islands). The bounds τmin and τmax are simply 
set by evaluating the ZWD model of Askne and Nordius 
(1987) for the observed temperature and relative humidity, 
and by subtracting and adding 10cm, where τmin is also 
non-negative.

The ZWD estimates are shown in the first row of Fig. 10 
in blue, together with the resulting bounds in red and yellow. 
We observe moderate ZWD values for POTS, low ZWD val-
ues for ZUGG due to the high altitude, strong seasonal fluc-
tuations for UNSA, and generally larger values for ENAO. 
The length of the constraint interval that is limited to 20cm 
by this approach is shown in the middle row, where values 
smaller than 20cm indicate τmin = 0cm, which is almost 
always the case for ZUGG and almost never for ENAO. 
The last row shows the relative position of the GNSS ZWD 
estimates within the constraint interval, where a value of 
0.5 implies that the bounds are symmetric around the ZWD. 
While the values of POTS are relatively centered, the ones 
of ZUGG are generally closer to the lower bound, meaning 
that more restrictive upper bounds could be chosen to avoid 
biased solutions, cf. Figure 5. With 0.04% and 0.00%, the 
bounds for POTS and ZUGG are (almost) never violated, 
whereas for ENAO 0.76% of the ZWD values are outside 
the bounds, indicating that for this station the bounds should 

Fig. 10  Top: Estimated ZWD values of four selected sites computed 
with static GPS PPP during the year 2024 with 15 min resolution in 
blue, together with the lower and upper bounds in red and yellow. 

Middle: Length of constraint interval. Bottom: Relative position of 
true ZWD within the constraint interval and the percentage of points 
violating the interval
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(
2Q−1

b̂
b̂c − 2Q−1

b̂
b̂
)

+ (λ2 − λ1) eτ = 0,� (A2)

so that the optimizer follows as

b̂c = b̂ − Qb̂eτ
λ2 − λ1

2
.� (A3)

We can now distinguish three cases from the primal fea-
sibility condition:

1. eT
τ b̂ ≥ τmin and eT

τ b̂ ≤ τmax: The unconstrained solu-
tion b̂ already lies within the feasible region, so none of the 
two constraints is active (λ1 = λ2 = 0) and the constrained 
solution follows as b̂c = b̂.

2. eT
τ b̂ ≤ τmin: In order to increase 

eT
τ b̂c = eT

τ b̂ − eT
τ Qb̂eτ

λ2−λ1
2 , cf. (A3), as compared 

to eT
τ b̂, λ2 − λ1 has to be negative. As the Lagrang-

ian multipliers are non-negative, and as only one of the 
constraints can be active (as τmin < τmax), this means 
that λ2 = 0 and λ1 > 0. The constraint g1

(
b̂c

)
 being 

active means that eT
τ b̂c = τmin, which finally leads to 

λ1 = 2
(
eT

τ Qb̂eτ

)−1
(

τmin − eT
τ b̂

)
 and

b̂c = b̂ −
(
Qb̂eτ

)
Q−1

τ̂ (τ̂ − τmin),� (A4)

with τ̂ = eT
τ b̂ and Qτ̂ = eT

τ Qb̂eτ .
3. eT

τ b̂ ≥ τmax: Following the derivation of the second 
case, now with the active constraint g2

(
b̂c

)
, leads to

b̂c = b̂ −
(
Qb̂eτ

)
Q−1

τ̂ (τ̂ − τmax).� (A5)

As an alternative to using the KKT conditions, one could 
also use an orthogonal decomposition of b̂. Let b̂ be com-
posed as b̂ =

[ˆ̃b
T

, τ̂
]T

, with ˆ̃b ∈ Rp−1, and let ˆ̃b(t) be the 
conditional estimate that assumes the value of the ZWD 
τ  is given by t, with the conditional covariance matrix 

Qˆ̃b(t). With β =
[
β̃

T
, t

]T
, the objective function can now 

be decomposed as

∥b̂ − β∥
2
Qb̂

= Q−1
τ̂ (τ̂ − t)2 + ∥ˆ̃b(t) − β̃∥

2

Qˆ̃b(t)
.� (A6)

We note that when applying the ZWD constraint, only 
the first term is affected. Minimizing (A6) over β ∈ B 
means that we can now first minimize the first term over 
t ∈ [τmin, τmax]—which is easy as this is a scalar prob-
lem—and then choose β̃ as the conditional estimate ˆ̃b(t) 
to make the second term zero. It is easily verified that 
this solution is identical to the one derived above, since 

Qb̂eτ =
[
QT

ˆ̃bτ̂
, Qτ̂

]T
.

much the precision of the estimates, given that the ambigu-
ity SR is sufficiently high.

These two benefits of the troposphere-bounded GNSS 
model were analyzed by means of simulated PPP examples 
with two, three, and five frequencies. The results showed 
that with the troposphere-bounded model we can expect a 
reduction of the average ambiguity-float up RMS error of 
∼75% for GPS and ∼65% for GPS + Galileo in the first 
epoch, even with relatively loose ZWD bounds of ∓10cm 
or more, see Fig. 4. Over time, when the solution converges, 
the bounds are less likely to be active and the benefit of the 
constrained solution slowly vanishes. For the ambiguity-
fixed cases, the simulations showed that imposing a hard 
constraint on the ZWD parameter can be expected to reduce 
the TTFF on average by roughly one third compared to the 
troposphere-float model. With the troposphere-bounded 
model, ZWD bounds of ∓2.5cm around the true value lead 
to a reduction of the TTFF of around 17.5%, and ∓10cm 
still to a reduction of up to 10%, see Table 2. These findings 
were confirmed with real GNSS data recorded at the station 
PERT, see Figs.  8 and 9, where the ZWD estimates were 
constrained to lie within 0cm and 31cm.

In practice, a main question is how to choose preferably 
tight but valid ZWD bounds τmin and τmax, for instance uti-
lizing ZWD models with measured and/or historical meteo-
rological data and/or limits on their feasible values. A first 
analysis using the ZWD values of four stations during 2024 
showed that reliable constraint intervals of a few decimeter 
can be determined in this way, where the local meteorologi-
cal conditions should be taken into account.

Appendix A: Derivation of constrained 
solution

The constrained least-squares problem underlying (7) with 
the feasible region B defined in (9) can be written in stan-
dard form (Boyd and Vandenberghe 2004)

min
β∈Rp

f(β) s.t.g1 (β) ≤ 0, g2(β) ≤ 0� (A1)

with the objective function f (β) = ∥b̂ − β∥
2
Qb̂

 and the con-
straints g1 (β) = τmin − eT

τ β and g2 (β) = eT
τ β − τmax, 

with τmin < τmax. For this convex optimization problem, 
the Karush–Kuhn–Tucker (KKT) conditions are sufficient 
to find the global optimizer.

The dual feasibility condition evaluated at the optimizer 
b̂c is given by ∇f

(
b̂c

)
+ λ1∇g1

(
b̂c

)
+ λ2∇g2

(
b̂c

)
= 0, 

with the Lagrangian multipliers λ1, λ2 ≥ 0, and follows from 
the above definitions as
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