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ABSTRACT
Precise atmospheric delay and proper constraints are critical for achieving rapid convergence 
and accurate positioning. However, ionospheric delay models over wide-area face challenges 
due to significant spatial and temporal variations, impacting real-time correction precision. To 
address this, we propose a novel ionospheric slant delay fitting model that adaptively selects 
the optimal reference path within coverage areas, describing differences between the refer
ence propagation path and others through trigonometric functions. With ten coefficients, the 
model surpasses legacy polynomial fitting accuracy. Using a 166-station, 150 km-spaced 
European networks for atmospheric delays and 113 external stations for validation, our 
model achieves a 59.6% standard deviation reduction compared to the legacy model. 
Compared to the legacy ionospheric delay model, new model positioning convergence time 
(≤10 cm) accelerates by 37.7% and 34.2% for horizontal and vertical components, respectively. 
Meanwhile, two 2° × 2° uncertainty grids, generated from tropospheric and ionospheric delay 
fitting residuals at 15-min intervals, accurately describe fitting performance in all coverage 
areas with a maximum of 475 points. Adaptive constraints from uncertainty grids can reduce 
convergence time by 42.1% and 28.8% for horizontal and vertical, surpassing three-time 
modeling sigma solutions. These findings underscore the effectiveness of our novel iono
spheric delay fitting model and the associated uncertainty grids in providing precise informa
tion across extensive regions with minimal coefficients.
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1. Introduction

As a major error source in global navigation satellite 
systems (GNSSs), atmospheric delays must be care
fully handled in high-precision GNSS applications, 
either by calibrating using external products or by 
estimating as unknown parameters. The latter, how
ever, causes a large convergence time up to 30 min in 
the precise point positioning (PPP) solutions (Ge et al.  
2021; Ji et al. 2022). Therefore, introducing external 
precise atmospheric delay information with the proper 
weight is critical to achieve rapid convergence for the 
real-time PPP solutions with ambiguity resolution 
(AR) (Teunissen and Khodabandeh 2014).

Atmospheric delay includes tropospheric and iono
spheric delays, and the tropospheric delay can be 
modeled in large areas with a precision of 2 cm (Cui 
et al. 2022; Li et al. 2022b; Xu et al. 2023) or corrected 
with precise numerical weather model (Hobiger et al.  
2008; Lu et al. 2017). In contrast, the ionospheric delay 
is difficult to be estimated or described accurately by 
the function models. Usually, the first-order iono
spheric delay can be eliminated with the ionosphere- 

free combination or estimated as a parameter in posi
tioning with the un-differenced and un-combined 
(UDUC) PPP model. The latter is more suitable for 
multi-frequency PPP real-time kinematic (PPP-RTK) 
applications (Hirokawa, Fernández‐Hernández, and 
Reynolds 2021; Wübbena, Schmitz, and Bagge 2005).

At present, the International GNSS Service (IGS) 
releases real-time/rapid/final global ionosphere maps 
(GIM) based on a vertical spherical harmonic model 
with different time latencies to provide ionospheric 
delay corrections. The precision of real-time iono
spheric delay GIM varies from 2 to 7 total electron 
content units (TECU), with a 15-min update and 
a latency of less than 5 min (Hernández-Pajares et al.  
2017; Liu et al. 2021; Psychas et al. 2019). However, 
meeting the demands of rapid positioning over large 
areas remains a challenge. Furthermore, a Quasi- 
4-dimensional ionospheric model has been proposed, 
which defines appropriate grids in latitude, longitude, 
elevation, and azimuth to generate a four-dimensional 
matrix, achieving a precision of 0.5 TECU in Europe 
(Gu et al. 2022). Additionally, an alternative approach 
involves directly interpolating precise ionospheric 
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delays from nearby reference stations to users (Li et al.  
2022b). Nevertheless, as highlighted by Cui et al. 
(2023), the transmission of massive corrections in 
grid or interpolation forms relies on stable and high 
network capabilities. This poses a challenge in wide- 
area services, and a careful trade-off between the num
ber of parameters and the represented precision must 
be considered, taking into account the limitations of 
satellite communication capabilities. In contrast, satel
lite communication is the preferred choice for wide- 
area services such as intercontinental communication 
due to its ability to handle wide-area with less trans
mission burden.

Currently, vertical TEC mathematical function 
models are commonly used in wide-area to describe 
ionospheric delay variations, including trigonometric 
series functions (Yuan et al. 2008) and spherical cap 
harmonic functions (Liu et al. 2010). However, the 
precision is affected by the mapping function or lim
ited by the distribution and density of station net
works. Although an improved mapping function 
considering the slant delay elevation and azimuth 
angles was proposed by Chen et al. (2022), the map
ping function from slant to vertical delay could still 
introduce errors and impact the modeling precision. 
Therefore, in high-precision ionospheric delay model
ing, satellite-wise slant instead of vertical ionospheric 
delays are preferred to be processed (Cabinst Office  
2020; Li et al. 2021; Tao and Jan 2015). Hence, a fitting 
model that considers ionospheric slant delays in 
accordance with propagation properties on a satellite- 
wise basis is more suitable for large-scale applications. 
Achieving real-time high-frequency updates, such as 
every 30 s, is still challenging due to limitations in real- 
time communication and data volume (Nadarajah 
et al. 2018). Therefore, satellite-wise interpolation 
models or grids over wide-area are not widely used. 
Instead, the polynomial fitting model remains the 
most commonly adopted approach for real-time wide- 
area augmentation services (Hirokawa, Fernández‐ 
Hernández, and Reynolds 2021). A modified spherical 
harmonic and generalized trigonometric series func
tion was proposed by Liu et al. (2010), which enlarges 
the model coverage areas and improves the precision 
of modeling. Additionally, modified single-layer fit
ting models (Li, Zhang, and Ge 2011) or dual-layer 
vertical models (Rovira-Garcia et al. 2021) have been 
successively proposed to enhance the modeling per
formance. High-precision ionospheric delay fitting 
models are usually performed in small (10–50 km) or 
middle coverage areas (30–300 km) with calm iono
spheric delay activity (Boisits, Glaner, and Weber  
2020; Cui et al. 2023; Manzoni et al. 2024; Teunissen, 
Odijk, and Zhang 2010; Zhang, Teunissen, and Odijk  
2011). Unlike the interpolation model, the perfor
mance of the fitting model has a strong correlation 
not only with the density of the stations but also with 

the size of the coverage area. Therefore, it is challen
ging to present regional variation information in the 
entire European region using mathematical functions, 
which are typically smooth and continuous.

Despite the availability of various models and forms 
to characterize atmospheric delays, an unbiased 
description of the actual atmospheric delay is still 
unachievable in large-area services (Psychas, 
Khodabandeh, and Teunissen 2021). Therefore, 
a constraint is typically introduced to describe the 
precision of received external atmosphere corrections, 
namely atmosphere uncertainty (Lyu, Xiang, Soja, 
et al. 2023; Lyu, Xiang, Zhang, et al. 2023). 
Currently, there are three methods available to apply 
these corrections: atmosphere-free, weighted, and 
empirical solutions. However, the constant or empiri
cal uncertainty information is difficult to meet wide- 
area requirements, and thus, too-tight or -loose con
straints could result in longer convergence times and 
worse ambiguity resolution (Bilitza 2018; Teunissen, 
Odijk, and Zhang 2010; Wang et al. 2020; Zhang, 
Teunissen, and Odijk 2011; Zhang et al. 2022). To 
determine an appropriate constraint value for real- 
time wide-area services, namely the weighted solution, 
distance-related standard error functions and power 
functions with constant coefficients have been pro
posed, but they are only suitable in specific areas 
(Nadarajah et al. 2018, Zha et al. 2021). For wide- 
area, uncertainty grids (Banville et al. 2022) and inter- 
satellite cross-verification error function (Li et al.  
2022b) methods have been proposed for the adaptive 
determination of ionosphere uncertainty information. 
However, they require a dense server network, and the 
user performance depends on station distribution and 
network communication capabilities. Currently, there 
is limited emphasis on developing real-time fitting 
models with applicable uncertainty information for 
large areas. Additionally, current research mainly 
focuses on providing the uncertainty for the iono
spheric delay but rarely considers the uncertainty for 
the tropospheric delay.

Therefore, both precise ionospheric delay correc
tion and the proper corresponding atmospheric delay 
uncertainty are essential for rapid positioning applica
tions. In this study, we propose a new ionospheric 
slant delay fitting model to achieve better performance 
in wide-area by introducing a trigonometric model to 
describe the elevation and azimuth angle differences 
between the optimized reference propagation path and 
others, which confirms the strong correlation between 
the ionospheric delay propagation path length and 
magnitude. Moreover, based on the generated tropo
spheric and ionospheric fitting residuals, two sets of 
atmosphere uncertainty grids are further introduced 
separately to describe the accuracy of the tropospheric 
and ionospheric delay fitting models, providing more 
proper constraints for positioning. These models are 
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designed to be more applicable to wide-area augmen
tation satellite-based one-way communication, requir
ing a relatively smaller data volume.

The new ionosphere fitting model and atmosphere 
uncertainty information are investigated and analyzed 
in this paper. First, the methods for atmospheric delay 
modeling and uncertainty grid generation are pre
sented. The detailed processing strategies of the 
experimental and observational data are presented 
then, followed by the analysis of atmospheric precision 
of the fitting models and the uncertainty grid. Finally, 
the PPP-AR results constrained under the proposed 
model are given, and the conclusions are drawn.

2. Methodology

In this section, the procedures applied in atmospheric 
delay deriving and modeling, and positioning verifica
tion are described. Carrier phase L and pseudo-range 
P observations between satellite s and receiver r on 
frequency f are expressed as, 

where ρs
r is the geometry range from satellite to recei

ver; dts and dtr are the satellite and receiver clock 
offsets, respectively; Zs

r is the tropospheric delay; Is
r;1 

is the ionospheric delay of the signal path at frequency 
1 and κf ¼ f 2

1 =f 2
f ; λf is the wavelength; Nf is the integer 

ambiguity; br;f and bs
f are the receiver- and satellite- 

dependent uncalibrated phase delays (UPD), respec
tively; dr;f and ds

f are the code biases of the receiver 
and satellite, respectively; εP;f and εL;f are the measure
ment noise of the pseudo-range and carrier phase 
observations, respectively.

In multi-GNSS observations, it is necessary to con
sider the inter-system bias (ISB) between different 
systems. However, for GLONASS satellites, the inter- 
frequency bias (IFB) must be introduced instead of 
ISB parameter due to their utilization of frequency 
division multiple access (FDMA) technology. In this 
study, the ambiguity resolution is only conducted on 
GPS and Galileo satellites, while BDS and GLONASS 
are processed as float solutions. By utilizing real-time 
satellite precise orbits, clock products, and model cor
rections, Equations (1) and (2) can be simplified and 
reparameterized following Teunissen and 
Khodabandeh (2014), Zhang, Chen, and Yuan 
(2018), and Zhang et al. (2022): 

where ls
r;j and ps

r;j denote the observed-minus- 
computed (OMC) carrier phase and pseudo-range 
observations, respectively; d�tr is the receiver clock 
after merging the receiver pseudorange delay; Îs;Sys

r;1 is 
the ionospheric delay after merging receiver and satel
lite pseudorange delays; us

r is the unit vector from 
receiver to satellite; Δr denotes the vector of the recei
ver position increment; ms;Sys

r is the mapping function 
of tropospheric zenith wet delay (ZWD) ZWDr; 
Bs

r;f ¼ Ns
r;f þ br;f � bs

f is the un-differenced ambiguity; 
Sys represents the satellite system, including GPS, 
Galileo, and BDS; ISBSys represents the ISB parameters 
of Galileo and BDS relative to GPS; IFBs is the IFB 
parameter of each GLONASS satellite relative to GPS.

For each epoch, the estimated parameters are, 

The extended Kalman filter is employed for the 
parameter estimation. Tropospheric ZWD ZWDr 

and ionospheric slant delay Îs
r;1 are estimated as ran

dom walk process noise of 1 × e-4 m=
ffiffi
s
p

and 3 m=
ffiffi
s
p

, 
respectively. The receiver clock d�tr is estimated as 
epoch-wise white noise and the carrier phase ambigu
ity Bs

r ¼ Nf þ br;f þ bs
f , inter-system bias ISBSys and 

inter-frequency bias IFBs parameters are estimated as 
constant values over time. ISBSys and IFBs are applied 
for multi-GNSS and GLONASS frequency-division 
multiple access (FDMA) mode satellites, respectively.

Fixing the carrier phase ambiguity is not only 
essential to generate stable and high-precision atmo
spheric delay from all reference stations but also the 
key to realize rapid positioning on the users (Cui et al.  
2021; Ge et al. 2007). UPD is used to implement 
integer-AR, where wide-lane (WL) ambiguity is fixed 
by rounding to the nearest integer, and narrow-lane 
(NL) ambiguity is solved using the least-squares ambi
guity decorrelation adjustment (LAMBDA) method 
(Teunissen 1995). Once the AR is successfully per
formed on each reference station, the precise atmo
spheric delay can be derived and provided for 
modeling.

2.1. Tropospheric delay fitting model

The slant tropospheric delay consists of the dry and 
wet components, both of which could be expressed by 
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zenith delays with mapping functions (Boehm, Werl, 
and Schuh 2006; Böhm et al. 2014). The a priori zenith 
hydrostatic delay (ZHD) can be calculated using 
meteorological data and the Saastamoinen model 
(Saastamoinen 1972), and the ZWD is estimated as 
unknown parameter.

For the tropospheric delay modeling, the modified 
optimal fitting coefficients (MOFC) model is intro
duced to model the derived tropospheric ZWD (Cui 
et al. 2022): 

where the a0; a1; a2; a3; a4; a5 are the fitting coeffi

cients of the model, the e
dhi
aH

� �

refers to the altitude- 
related correction, and aH is the scaling height, 
dφi; dλi; dhi are differences of latitude, longitude, and 
altitude between the users and reference stations.

2.2. Modified ionospheric delay fitting model

The ionospheric delay Is
r;1 in Equation (4) includes the 

satellite and receiver differential code biases (DCBs). 
In large areas, satellite and receiver DCBs should be 
removed beforehand to maintain the “clean” iono
spheric delay applied in modeling. The estimated 
ionospheric value can be expressed as, 

where M eð Þ is the ionospheric delay mapping func
tion; Is

r;1 is the “clean” slant ionospheric delay; The 
local ionospheric VTEC model on each station is 
introduced to model all satellite STEC and separate 
the satellite plus receiver (SPR) DCB biases from the 
ionospheric delays (Wang et al. 2020). After estimat
ing and eliminating the SPRs, the satellite-wise STEC 
fitting model was built using all observed reference 

stations. Normally, a second-order polynomial model 
is applied for ionospheric delay modeling, 

where ~Is
r;1 is model fitted ionospheric delay, 

b0; b1; b2; b3; b4; b5 are the fitting coefficients of the 
model; dφi and dλi are differences of latitude and 
longitude between the reference point and ionospheric 
pierce points (IPPs), respectively.

Generally, a thin-layer assumption is introduced to 
model the ionospheric delay, usually referring to an 
altitude of 350 km, for all IPPs. Although the legacy 
polynomial model describes each satellite ionospheric 
slant delay on a thin-layer plane, it only achieves the 
mathematical fitting, which does not conform to the 
actual physical properties of the slant propagation 
path. We aim to achieve the fitting model in wide- 
area accelerating the PPP-RTK convergence. Due to 
a strong correlation between the magnitude of iono
spheric delay and the lengths of propagation paths 
through the ionospheric regions, the modeling process 
should consider this correlation (Chen et al. 2022; Gu 
et al. 2022). Therefore, a new fitting model is intro
duced to consider the ionospheric slant delay propa
gation path properties in wide-area modeling. When 
constructing a high-precision model suitable for PPP- 
RTK in this paper, only the ionospheric slant delay 
estimated by the PPP-RTK server is needed, without 
any reliance on external information.

From Figure 1, the stations in the modeling areas 
receive the signal from a specific satellite. The satel
lite signals through the ionosphere start at about 
1000 km and extend up to 50 km, i.e. the blue 
lines. We select a path at the center of coverage 
areas as the reference path (green line). The refer
ence path is automatically selected according to the 
real-time modeled satellite coverage areas’ IPPs lati
tude and longitude ranges. The differences between 

Figure 1. Illustration of ionospheric delay fitting model, blue lines are ionospheric delays for all stations and the green line is the 
reference propagation path.
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all slant delays (blue line) and the reference delay 
(green line) can be calculated using trigonometric 
functions, with elevation and azimuth angle differ
ences as inputs, i.e. the red line in the right-side 
figure.

where ~Is
r;dif is the difference between the reference path 

and others; e and z are the elevation and azimuth 
angles of each station ionospheric delay, respectively; 
ê and ẑ are the elevation and azimuth angles of refer
ence ionospheric delay, respectively.

In addition, the first-order polynomial model is 
provided as the basic model and the new ionospheric 
delay model ~Is

r;m can be presented as, 

where dφipp and dλipp are the altitude and longitude 
coordinate differences between each ionospheric 
delay slant path IPP (blue line) and the reference 
path IPP (green line). The new model includes six 
model fitting coefficients (b0; b1; . . . ; b5) and the 
reference ionospheric delay IPP coordinates, and 
elevation and azimuth angles (ê and ẑ). It should 
be noted that the model coefficients and reference 
path coordinates and angles are updated with real- 
time input IPPs.

The model is generated satellite-wise, whereby 
all satellite-specific slant delays are derived and 
collected for modeling. First, the reference iono
spheric delay amongst all slant delays can be cal
culated in the modeling areas by determining the 
differences in latitude and longitude ranges. 
Therefore, the reference path IPP is also the near
est one to the center of coverage areas, and the 
reference coordinates, elevation, and azimuth 
angle can be determined. Subsequently, satellite- 
specific ionospheric delays from all stations can be 
introduced as input for the modeling, taking into 
account the differences in latitude, longitude, ele
vation angle, and azimuth angle with respect to 
the reference path. Finally, the iterative least- 
squares method is employed to solve the model 
coefficients.

In addition, the modeling precision is strongly 
related to data quality and sensitive to the outliers. 
For ionospheric delay modeling, the outlier detec
tion is divided into two parts. Only stations with 
a fixing rate larger than 90% can be included in 
the modeling, and outliers larger than three times 
of the root mean squares (RMS) of modeling resi
duals will be down-weighted during processing 
iteration (Cui et al. 2022).

2.3. Atmosphere uncertainty information 
generation

Although the fitting model can correct a majority of 
the tropospheric and ionospheric delays, the unmo
deled part remains on each reference station. Hence, 

the unmodeled residuals at these stations can be dis
seminated as, 

where ~Is
r and ~Zr, and bls

r and blt
r are ionospheric and 

tropospheric delay model fitted and unmodeled 
values, respectively.

To provide uncertainty information over wide- 
area, two sets of grids are generated relying on all 
reference station tropospheric ZWD and ionospheric 
delay fitting residuals. It should be noted that the 
interpolation accuracy will gradually decrease with 
the distance increasing. For precise generation of tro
pospheric delay uncertainty grid, the inverse distance 
weighting (IDW) interpolation method is employed, 
utilizing surrounding fitting residuals within 
a threshold range of 200 km. The threshold value 
exceeds the reference station spacing of 150 km and 
the extent of one degree of European latitude and 
longitude, which correspond to approximately 110  
km and 60 km, respectively (Banville et al. 2022; 
Hirokawa, Fernández‐Hernández, and Reynolds  
2021). 
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where lgrid is the uncertainty grind point values; ̂li resið Þ

is the fitting residuals of atmospheric delay; i.e. bls
r and 

blt
r for the ionospheric and tropospheric delays, 

respectively.
Unlike the tropospheric ZWD model, which is 

generated for all satellites and thus can directly apply 
the IDW method to calculate grid points for all satel
lites uncertainty, the ionospheric delay is modeled on 
a per-satellite basis. Therefore, different satellites exhi
bit varied modeling performances, i.e. the fitting resi
duals among different satellites are inconsistent. 
Fortunately, within local areas, the differences in resi
duals between different satellites are relatively small, 
typically within 4 cm. We organize all fitting residuals 
from smallest to largest for each grid point, consider
ing a 150-km radius. The 90th percentile value, i.e. two 
times sigma value, is then selected as the uncertainty 
grid point.

The constraint value for the user can be determined 
by employing the IDW method with nearby points 
from the surrounding uncertainty grid. In areas with 
complete coverage, the user can utilize the surround
ing four points for constraint determination. 
However, in boundary areas where coverage may be 
limited, the user can rely on three or two points. It 
should be noted that in the case of tropospheric ZWD, 
the interpolated uncertainty value is directly used as 
the constraint. To account for the differences in satel
lite modeling, the ionospheric uncertainty is com
bined with the modeling sigma to adjust the 
constraint according to the satellite-wise modeling 
performance, as shown in Equation (14). 

where luncer is the interpolated uncertainty value; m is 
the total number of surrounding grid points used, with 
a maximum of 4 and a minimum of 1; σs

sig is the 
satellite-wise modeling sigma, which is the RMS of 
differences between model fitted values and PPP-AR 
derived values; σ̂s

sig is the satellite-related factor for 
each satellite to adjust the uncertainty values from 
grid; σ̂ave is the average value among all satellite mod
eling sigma; n is the satellite number applied in uncer
tainty calculation.

3. Experimental validations

In this section, the dataset and data processing strategy 
are described in detail.

3.1. Dataset

The EUREF Permanent GNSS Network (EPN) and 
its densification network are employed in the 
experiment. One hundred sixty-six stations, all of 
which include GPS/Galileo satellites, are used for 
atmospheric delay derivation and uncertainty grid 
generation, and the other 113 stations, which 
include GPS/Galileo/BDS/GLONASS satellites, are 
used for positioning verification. The GNSS obser
vation data from the day of year (DOY) 270 to 
300 in 2022 are used to perform the assessment. 
In addition, five days of observation data (DOY 
58, 82, 83, 113, and 114, 2023) under active iono
sphere conditions are also selected for modeling 
and positioning analysis as the ionosphere active 
conditions comparison group. Figure 2 presents 
the ionosphere Kp index, which describes the 
activity of ionosphere. The Kp index ranges from 
0 to 3, indicating a calm ionosphere condition; 
from 3 to 6, indicating a moderate condition; 
and from 6 to 10, indicating an active condition. 
Generally, when the ionosphere Kp index is larger 
than 6, it is usually associated with an ionosphere 
under active conditions.

From Figure 3, the uniformly distributed 166 
reference stations marked as green dots with an 
average station-spacing of 150 km satisfying the 
requirement for the generation of 2°×2° grid 
points.

Figure 2. Ionosphere Kp index among all selected days. (a) 
Ionosphere Kp index from DOY 270 to 300, 2023; (b) Selected 5 
days under ionospheric active conditions.
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3.2. Data processing strategy

Data processing is divided into two parts: the server 
and the user. The main purpose of the server is to 
estimate and derive atmospheric delay for modeling. 
To guarantee the accuracy and stability of atmospheric 
parameters with continuous streams of data, we also 
perform the ambiguity resolution at each station on 
the server stations. The user employs the received 
model coefficients and uncertainty information to 

accelerate the ambiguity resolution and convergence. 
The procedure is shown in the flowchart of Figure 4.

Real-time stream multi-GNSS orbits and clocks 
with 5 s interval from GFZ are fixed in the processing. 
The precision of GFZ real-time products is evaluated 
by Li et al. (2022a), which is demonstrated to satisfy 
the requirements of real-time multi-GNSS high- 
precision data processing. Once the ambiguity resolu
tion is successfully performed at all reference stations, 
the derived tropospheric and ionospheric delays can 

Figure 3. EPN stations and its densification network stations used for atmospheric delay derivation and precision grid map 
generation. One hundred sixty-six green dots (server) are reference stations and 113 purple stars (user) are positioning verification 
stations.

Figure 4. Flowchart of atmospheric delay modeling and positioning processing.
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be introduced for the modeling. Then, the unmodeled 
ZWD error at all reference stations and ionospheric 
delay on all IPPs are calculated separately and pro
vided for uncertainty grid generation. Finally, the user 
uses real-time products and additional atmospheric 
delay fitting model coefficients and uncertainty infor
mation to perform positioning. The data processing 
strategy is described in Table 1.

In order to compare the performance of the 
proposed ionospheric delay model with legacy 
models, four schemes, listed in Table 2, will be 
performed and analyzed in the following sections. 
P and T separately denote the polynomial and 
trigonometric functions; X is the number of satel
lites. The numbers in polynomials denote the order 
level of the fitting model. In contrast, the 1 and 0 
in trigonometric functions indicate whether they 
are enabled or not. The atmospheric delay model
ing coefficient is calculated and updated every 30 s, 
and the uncertainty map is updated every 15 min.

4. Ionospheric delay model precision analysis

Using the received model fitting coefficients, the dif
ferences between PPP-derived and model-fitted values 
are calculated at all verification stations for all satellites 
during 30 days, and the results are presented in 
Figures 5 and 6 during test periods. It should be 
noted that the SPR biases are modeled and removed 
from the ionospheric delays in advance using the 
method proposed by Wang et al. (2015) and following 
the procedure of Cui et al. (2023).

For GPS satellites, the percentages of residuals less 
than 2.5 cm are 7.8%, 8.2%, 8.5%, and 18.5% for P1T0, 
P2T0, P3T0, and P1T1 models, respectively. As for 
Galileo, the corresponding numbers are 7.5%, 8.0%, 
8.1%, and 16.6%. For residuals exceeding 10 cm, the 
percentages are as follows for GPS satellites: 70.4%, 
69.2%, 68.5%, and 37.4% for P1T0, P2T0, P3T0, and 
P1T1 models, respectively. Correspondingly, Galileo 
satellites exhibit percentages of 71.2%, 70.5%, 69.9%, 
and 40.3%. Compared with the legacy polynomial fit
ting model, the proposed model significantly improves 
the modeling performance and reduces the number of 
larger residuals. Percentage of residuals smaller than 
2.5 cm increases more than 10%, and residuals larger 
than 10 cm reduces more than 30%. This is mainly 
attributed to a more thorough consideration of the 
physical delay characteristics of the ionosphere during 
modeling, achieved by constructing the model based on 
the differences in path lengths between various paths. 
Additionally, the proposed model adopts a more 
rational adaptive approach to select the modeling 
range for each satellite. The reference satellite consis
tently resides at the center of the modeling region, and 
the size and location of the modeling area adjusts dyna
mically with changes in the satellite’s trajectory.

We also calculate the average precision and stan
dard deviation (STD) values derived from the absolute 
values of all residuals. In Figure 7, the GPS satellite 
average modeling precisions are 27.0 cm, 23.9 cm, 
20.6 cm, and 9.7 cm for P1T0, P2T0, P3T0, and 
P1T1, respectively, and the precision for Galileo satel
lites are at a comparable level. The improvement 

Table 1. PPP data processing strategies on service and user end.
Item Service User

System GPS/Galileo GPS/Galileo/GLONASS/BDS
Signal GPS: L1+L2 GLONASS:G1+G2 Galileo:E1+E5a BDS:B1+B3
Interval 30 s
Cut-off elevation angle 7°
Ambiguity fixing WL: rounding; NL: LAMBDA searching, ratio-test with the threshold of 3
Satellite orbit and clock GFZ real-time products
Satellite/receiver PCO/PCV Igs20.atx
Station displacement Solid Earth tides, ocean tides, and pole tide displacements (IERS 2010)
Phase wind-up Corrected (Wu et al. 1993)
Coordinates Fixed Estimated
Receiver clock offset Estimated epoch-wisely, with the a priori values obtained from code-based positioning
Slant ionospheric delay Estimated The augmentation information was used to provide the 

a priori value and the corresponding constraints is 
calculated from uncertainty grid

Troposphere estimation The a priori ZHD from the Saastamoinen model with 
GPT2w meteorological data input, ZWD estimated with 
random walk process, GPT2w and VMF1 is used as the 
mapping function

The a priori delay and mapping function are the same as at 
the server, but the additional augmentation information 
was used to provide the a priori ZWD value and the 
corresponding constraints are calculated from 
uncertainty grid

Differential Code Biases Corrected (Wang et al. 2015)
Parameter estimator Kalman filter

Table 2. Four types of ionospheric delay model comparison.
Abbr. Model Coefficient number (X is number of satellites)

P1T0 First-order polynomial function 4 × X
P2T0 Second-order polynomial function 6 × X
P3T0 Third-order polynomial function 11 × X
P1T1 First-order polynomial with sin and cos trigonometric functions 6 × X (coefficient) + 4 × X (ref path)
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precisions of the newly proposed model (P1T1) are 
64.2%, 59.6%, and 53.0% compared to the polynomial 
functions with an order of one, two, and three, respec
tively. The modeling stability, which is presented by 
STD values, can also be improved by 56.1%, 52.3%, 
and 45.0%, respectively. The ionosphere fitting model 
can achieve an augmented precision of approximately 
9.0 cm with fewer fitting coefficients in large areas 
with sparse station networks.

In addition, four model fitting performances are 
performed in active ionosphere conditions to verify 
the model performance in more active conditions as 
shown in Figure 8. The observations of five active days 
are used to perform four schemes, and the RMS of 
24.3, 33.1, 41.4, and 47.9 cm are achieved for P1T1, 
P3T0, P2T0, and P1T0 schemes, respectively. 
Although the modeling precision is lower than that 
of calm and medium conditions, the proposed model 
consistently exhibits the superset fitting performance. 
Similar findings were reported by Zhu et al. (2022), 
who conducted modeling in the European region 
using 226 EPN stations. In active ionospheric condi
tions, their model achieved a TECU range of approxi
mately 2.3 to 6 TECU (Zhu et al. 2022). In Australia, 
under active ionospheric conditions with Kp levels up 

to 6, an ionospheric model yielded values of up to 8 
TECU, whereas for calm conditions, it was around 
2.14 TECU (Liu et al. 2018). Even in interpolation 
mode, the RMS of post-fitting residuals could reach 
up to 2 TECU (Krypiak-Gregorczyk, Wielgosz, and 
Borkowski 2017). Typically, during active ionospheric 
or ionospheric scintillation periods, GNSS signals are 
significantly impacted, leading to a degradation in the 
performance of GNSS positioning. Consequently, 
maintaining satisfactory positioning accuracy is often 
challenging. Therefore, ionospheric models may also 
struggle to provide effective assistance for positioning 
during these periods (Hu et al. 2023).

5. Atmosphere uncertainty generation in 
large area

The modeling and uncertainty grid generation use the 
MOFC for tropospheric ZWD and proposed iono
spheric slant delay fitting model, i.e. P1T1 scheme. Two 
2° × 2° grid sets are provided separately for tropospheric 
ZWD and ionospheric slant ionospheric delays fitting 
models. The performance of modeling and correspond
ing uncertainty grids is assessed in the following.

Figure 5. GPS satellites slant ionospheric delay differences between PPP-derived and model-fitted values on all reference stations.
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5.1. Troposphere model and uncertainty grid

We perform the tropospheric ZWD using all reference 
stations and analyze the modeling performance at all 
reference stations. The absolute differences between 

PPP-derived and model-fitted values at all stations are 
shown in Figure 9, and the corresponding uncertainty 
grid is shown in Figure 10.

The model can achieve an average accuracy of 
about 1.6 cm in the European region. While some 

Figure 6. Galileo satellites slant ionospheric delay differences between PPP-derived and model-fitted values on all reference 
stations.

Figure 7. Average precision and STD value between PPP-derived and model-fitted differences for four schemes in 30 days. The 
absolute values are applied for calculation. Column bars and dots denote average value and modeling precision, respectively.
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areas with high altitudes and border areas can reach up 
to 3.0 cm. Compared with the unmodeled residuals 
map (Figure 9), the uncertainty grid (Figure 10) 
shows a similar trend in each sub-grid area. This 
precision distribution is well represented in the tropo
spheric uncertainty by each grid point. Slight differ
ences within 1 cm are achieved between the fitting 
residuals and the uncertainty grid.

5.2. Ionosphere model and uncertainty grid

The satellite-wise ionospheric slant delay fitting model 
differs from the tropospheric ZWD model. It provides 
a set of unmodeled residuals for each satellite. The 

differences between model-fitted and PPP-derived 
values for all GPS and Galileo satellites, as observed 
on all reference station’s satellite IPPs between 14:00 
and 14:15 on DOY 113, 2023, are presented in 
Figure 11, and the uncertainty grid is shown in 
Figure 12.

The average absolute difference of all satellite iono
spheric slant delays is 11.3 cm. The fitting model uses 
the ionospheric delay after removing the SPRs for all 
satellites. Therefore, the precision of ionospheric delay 
is mainly impacted by the latitudinal and meteorolo
gical variations. Although each satellite has different 
coverage areas, slight differences within 4.3 cm are 
achieved in the overlapping areas. We arrange all 

Figure 8. RMS of ionospheric delay modeling error in active/calm conditions for each epoch. The RMS is calculated using the 
difference between PPP-AR-derived and model-fitted values for every 5-min interval.

Figure 9. Tropospheric ZWD difference between PPP-derived and model-fitted values on all reference stations. Differences are 
calculated using 15-min data (14:00–14:15 DOY 270, 2022).
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Figure 10. Tropospheric ZWD uncertainty grid. Uncertainty points are calculated from ZWD differences between model fitted 
values and PPP-AR-derived values using 15-min (14:00–14:15) DOY 270, 2022.

Figure 11. Satellite-wise differences of slant ionospheric delay between modeled values and PPP-AR-derived values for all selected 
reference stations at 14:00–14:15 on DOY 113, 2023.

Figure 12. Large-area satellite-wise slant ionospheric delay fitting model uncertainty using 1-min pieces basis between modeled 
and PPP-AR-derived values between 14:00–14:15 on DOY 113, 2023.
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satellite fitting residuals in ascending order, and then 
select the 90th percentile value as the grid point value. 
To minimize data transmission, a single accuracy map 
is employed to represent uncertainty in both the tro
posphere and ionosphere. Different from the tropo
sphere, ionospheric uncertainty grid points are 
derived from the fitting residuals of multiple satellites. 
The 90th percentile of residuals from all satellites, 
sorted in ascending order around each grid point, is 
selected as its representative value. This approach 
effectively filters out extreme fitting residuals while 
maintaining a reasonable and lenient standard for 
the majority of satellite data. The use of one map for 
all satellites is intended to meet the communication 
requirements and reduce the volume of data transmis
sion. In addition, to adjust the constraint for each 
satellite based on the uncertainty grid, a factor derived 
from the satellite-wise modeling sigma is applied to 
recalculate the value as the constraint. Therefore, this 
chosen value is suitable for all satellites and avoids 
creating overly restrictive or wrong constraints. 
When compared to the unmodeled residuals in 
Figure 11, the grid points exhibit closer performance 
and distribution. Additionally, the satellite-wise 
weight is introduced into the user-end utilization to 
decrease the impact caused by the difference among 
modeling for each satellite, thus allowing for generat
ing a common grid for all satellites in wide-area. 
Therefore, one set of grid models is sufficient to repre
sent the performance of satellite-wise ionospheric 
delay fitting model.

The fitting model coefficients can be broadcast via 
satellite communication, providing augmentation ser
vices with low communication volume in wide-area at 
any time. Conducting the modeling, the modeled iono
spheric and tropospheric corrections can serve as essen
tial information. In the figure above, the grid is 2°×2° 
with an inter-station distance of 110 km and maximum 
of 475 grids serves for the uncertainty grid in European.

6. Positioning performance verification

In positioning, we conduct separate comparisons 
between the newly proposed ionospheric delay fitting 
model and the legacy models. Additionally, we compare 
the positioning performance by applying different mod
eling precision and automatic calculation using uncer
tainty grids. For convergence analysis, the daily 
observations are divided into 24 one-h sub-sessions, 
resulting in a total of 94,920 sub-sessions over all days. 
Because the positioning initial is reset every hour, the 
positioning performance could be affected when the 
ionosphere and troposphere are under more active con
ditions and would be reflected in the convergence time. 

The results are obtained by considering the 90th per
centile of all absolute positioning errors for each proces
sing epoch. The average positioning result denotes the 
overall atmosphere performance, including active and 
calm conditions, and the 90th percentile result can pre
sent the positioning result at more active or worse 
modeling states. Coordinate biases are determined by 
comparing the estimated positions to the coordinates 
obtained from static solutions. Convergence is defined 
as the time required to achieve a positioning error of 
less than 10 cm and maintain it for at least ten epochs. 
For ambiguity resolution validation, UPD is used to 
implement integer-AR, where WL ambiguity is fixed 
by rounding to the nearest integer, and NL ambiguity is 
solved using the LAMBDA method. The WL ambiguity 
resolution is validated by the fixing probability given by 
(Dong and Bock 1989) while the NL by the ratio-test 
with the threshold of 3 (Verhagen and Teunissen 2012).

6.1. Different ionosphere models positioning 
performance

To compare and analyze the performance of the pro
posed ionospheric delay fitting model in positioning, 
Figure 13 and Table 3 present the kinematic single- 
epoch results for the horizontal (H) and vertical (V) 
components of user’s position in six schemes. These 
schemes are abbreviated as PPP, PPP-AR, P1T0, P2T0, 
P3T0, and P1T1. The PPP and PPP-AR schemes do not 
utilize any external atmospheric augmentation. In all 
augmentation solutions, i.e. P1T0, P2T0, P3T0, and 
P1T1, the consistent tropospheric ZWD MOFC model 
is applied. The PPP solution represents only the float 
solution, while integer ambiguities are resolved in other 
five schemes. In this section, the ionospheric delay is 
modeled using different fitting models. Consequently, 
the three-time modeling sigma derived from the respec
tive model is applied as the constraint. Further details 
regarding the data processing strategies can be found in 
Table 1.

From Figure 13, the PPP scheme takes the longest 
convergence time, reaching up to 13.0 and 17.0 min for 
horizontal and vertical components, respectively. The 
PPP-AR scheme can reach convergence times of 11.5 
and 16.5 min with the aid of ambiguity resolution. On 
the other hand, by introducing the ionospheric correc
tions and the tropospheric ZWD, the convergence can be 
significantly accelerated. The legacy polynomial fitting 
model, P1T0, P2T0, and P3T0 schemes can achieve 9.5, 
8.0, and 7.5 min for horizontal components and 14.5, 
13.5, and 11.5 min for vertical components, respectively. 
Compared with the traditional model, P1T1 scheme 
significantly improves the performance to 5.0 and 
7.0 min for horizontal and vertical components, respec
tively. The proposed model achieves improvements on 
average convergence time of 44.3%, 39.1%, and 35.0% in 
horizontal and 45.5%, 36.5%, and 21.7% in vertical with 
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respect to P1T0, P2T0, and P3T0 schemes, respectively. 
For the positioning results using different types of iono
sphere products, the ambiguity fixing rate of PPP-AR is 
only 91%, and its first fixing time requires 13 min as well. 
With the intervention of different types of ionosphere 
model information, the ambiguity fixing time speeds up. 
The 90th percentile fixing time of P1T0, P2T0, P3T0, and 
P1T1 results requires 11.5, 10.0, 8.5, and 6.0 min, respec
tively, and the fixing rates are 92.3%, 93.7%, 94.6%, and 
95.9%, respectively.

6.2. Positioning performance between different 
constraints

However, even though the proposed model can achieve 
a better performance than other schemes, the value of 
the constraints is obtained from the modeling accuracy, 

which is difficult to express the correction performance 
in the coverage areas well. Therefore, the uncertainty 
grid is introduced and compared with modeling preci
sion constraints. Positioning with kinematic solution on 
all verification stations is implemented with four iono
sphere weighting strategies: the fixed RMS value of one- 
time-sigma, i.e. Sigma-1, three-time-sigma, i.e. Sigma-3, 
and five-time-sigma, i.e. Sigma-5, and the automatically 
calculated value from the uncertainty grid, i.e. Grid 
(auto-adjustment). Here the adjusted sigma refers to 
σ̂s

sig while the others refer to σs
sig in Equation (14). In 

addition, we present the constraint value on the OROS 
station as an example in Figure 14 to compare the 
constraints from each scheme and residuals between 
PPP-derived and model-fitted. It should be noted that 
the “Resi” value (shown in Figure 14) of IONO is the 
average difference between model fitting and PPP- 
derived of all IPPs. The difference between “Resi” and 
“Grid” is usually less than 3 cm, confirming the preci
sion of uncertainty grid generation. Additionally, to 
prevent occasional instances of excessively small differ
ences in residual calculations, we establish minimum 
thresholds for the uncertainties in the ionosphere and 
troposphere, set at 3 cm and 3 mm, respectively. When 
the difference is less than these thresholds, the uncer
tainty grid information is constrained to the minimum 
threshold values. Finally, all solutions are performed 
and presented in Figure 15 and Table 4.

Figure 13. The time series of the 90th percentile of horizontal (top) and vertical (bottom) positioning error of six groups of multi- 
GNSS PPP solutions.

Table 3. The positioning result of average and 90th percentiles 
convergence time for six schemes.

Scheme

Average value/min 90th percentile/min

H V H V

PPP 8.6 13.4 13.0 17.0
PPP-AR 7.9 10.9 11.5 16.5
P1T0 7.0 9.9 9.5 14.5
P2T0 6.4 8.5 8.0 13.5
P3T0 6.0 6.9 7.5 11.5
P1T1 3.9 5.4 5.0 7.0
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Figure 14. Uncertainty information at OROS station using modeling sigma and grid calculation, and the residuals between PPP- 
derived and model-fitted set as references. Top and bottom panels are troposphere and ionosphere uncertainty values, 
respectively.

Figure 15. The time series of the 90th percentile of horizontal (top) and vertical (bottom) positioning error of four groups solutions.
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Among all the schemes, the Grid scheme demon
strates the best performance by adaptively determin
ing the atmosphere constraints based on the 
uncertainty grids. The Sigma-1 scheme significantly 
improves the performance compared to the Sigma-3 
and Sigma-5 schemes. It is worth noting that, while the 
constraint value of Sigma-1 for ionospheric error may 
be over-optimistic during certain periods, as indicated 
in the ionosphere precision results in Figure 14, the 
Sigma-3 and Sigma-5 schemes provide more conser
vative constraints for ionospheric delay correction. As 
shown in Figure 15, the Grid scheme reduces the 
convergence time in horizontal and vertical compo
nents from 5.0 and 7.0 min in the Sigma-3 scheme to 
3.0 and 5.0 min, respectively. Furthermore, the auto- 
adjustment Grid scheme not only reduces the conver
gence time but also significantly improves the posi
tioning precision. Furthermore, when different types 
of constraints are used, there are also differences in 
ambiguity fixing with the change of convergence 
speed. Among them, Sigma-1, Sigma-3, and Sigma-5 
achieved ambiguity fixing rates of 96.2%, 95.9%, and 
94.1%, respectively. In contrast, the Grid scheme pro
vide a fixing rate of up to 96.7%. Moreover, the first 
time to fixing based on the proposed model was 
improved from 6.0 min of Sigma-3 to 5.0 min.

In addition, in Table 4, the Grid scheme demon
strates average improvements of 30.3%, 41.0%, and 
53.1% for the horizontal component, and 22.4%, 
29.6%, and 44.1% for the vertical component, with 
respect to the Sigma-1, Sigma-3, and Sigma-5 schemes, 
respectively. Furthermore, the introduction of uncer
tainty grids leads to a significant reduction in average 
convergence time to 2.3 and 3.8 min for horizontal and 
vertical components, respectively. For the average 
result, the GPS+Galileo PPP-RTK achieves 2.5 and 
4.2 min for horizontal and vertical components, respec
tively, slightly increasing than all constellation solu
tions. These results highlight the advantage of the 
Grid solution over the Sigma-1, Sigma-3, and Sigma-5 
schemes, indicating the importance of proper con
straints for ionosphere corrections. By applying proper 
tropospheric and ionospheric constraints, the user’s 
estimation of ZWD and ionospheric delay parameters 
can achieve a higher level of accuracy faster while 
reducing their correlations with other parameters. The 
iteratively extended Kalman filter effectively adjusts the 
variance of ionospheric and tropospheric delay 

constraints. Overall, the generated uncertainty grids 
automatically determine the appropriate constraints, 
resulting in accelerated convergence.

In Table 5, we present the results that include both 
the active and calm periods of the ionosphere. To 
further compare the positioning performance under 
different degrees of ionosphere activity, we, respec
tively, present the positioning results as shown in 
Table 5. The comparison experiment is conducted on 
5 days with active ionosphere conditions and 30 calm 
days. The average convergence time is 2.2 and 2.7 min 
for the horizontal component and 3.7 and 4.2 min for 
the vertical component, respectively. The relatively 
active ionosphere has a certain influence on the results 
of PPP-RTK, thus resulting in a slower convergence.

7. Conclusions

This work presents an effective model for ionospheric 
slant delay that considers the differences between the 
auto-selected optimum reference propagation path 
and other paths in coverage areas. Additionally, uncer
tainty grids of the troposphere and ionosphere are 
generated using the corresponding fitting models. By 
utilizing this model and the associated uncertainty 
information, fast PPP ambiguity resolution can be 
achieved over wide-area with less correction model 
coefficients.

This method is validated with observation data 
from the EPN stations. PPP-AR is performed at the 
reference stations using a multi-GNSS real-time pro
duct stream, and regional atmospheric corrections are 
derived for modeling purposes. The proposed iono
spheric delay model takes into account the differences 
in the slant propagation path between the reference 
path and others to accurately capture the physical 
characteristics of the ionospheric delay. Compared 
with the legacy polynomial fitting model, the proposed 
model demonstrates significant improvements in 
modeling performance and a reduction in the number 
of larger residuals. Specifically, residuals smaller than 
2.5 cm show an improvement of more than 10%, while 
residuals larger than 10 cm exhibit a reduction of more 
than 30%. The average ionospheric delay modeling 
precision is improved by up to 60% in European 
region with six coefficients and four reference path 
information. The accuracy of the tropospheric model
ing achieves about 1.6 cm with seven coefficients. In 

Table 4. Positioning result of average and 90th percentiles 
convergence time for different constraint implementation.

Mode

Average value/min 90th percentile/min

H V H V

Sigma-1 3.3 4.9 3.5 6.5
Sigma-3 3.9 5.4 5.0 7.0
Sigma-5 4.9 6.8 7.0 9.0
Grid 2.3 3.8 3.0 5.0

Table 5. Positioning result of average convergence time for 
ionosphere active and clam conditions.

Mode

Clam/min Active/min

H V H V

Sigma-1 3.1 4.7 4.2 5.8
Sigma-3 3.8 5.2 4.3 6.3
Sigma-5 4.7 6.4 5.8 8.5
Grid 2.2 3.7 2.7 4.2
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addition, two sets of 2°×2° uncertainty grids are intro
duced based on the unmodeled errors between PPP- 
AR-derived and model-fitted values from all reference 
stations. These atmospheric grids effectively describe 
the unmodeled atmospheric residual errors within 
each sub-region.

With the proposed ionosphere model and tropo
spheric MOFC model, positioning convergence can 
be achieved in 3.9 and 5.4 min for the horizontal and 
vertical components, respectively. These conver
gence times represent a significant reduction com
pared to the legacy polynomial fitting models. The 
average convergence time is improved by 44.3%, 
39.1%, and 35.0% for horizontal component, and 
45.5%, 36.5%, and 21.7% for vertical component, 
with respect to first-, second-, and third-order poly
nomial fitting model schemes, respectively. In addi
tion, the uncertainty grid provides valuable 
assistance, resulting in an improvement of 42.1% 
and 28.8% when compared to the scheme applying 
the three-time modeling precision constraint. 
Convergence can be achieved in 2.3 and 3.8 min 
for horizontal and vertical components, respectively. 
The atmosphere uncertainty grid, based on the fit
ting model, effectively presents the real-time model
ing accuracy of tropospheric and ionospheric 
corrections over large areas with sparse resolution.
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